DERIVAT(ON oOF THE HEAT EQUATION
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SINCE Y 13 ARBI(TRARY DOMAIN  WE HAVE @
P lJt :_v'? t QL)

FiNALLY  BY  FOupiER'y taw [oF Ficw's Law OF pFs N
0o

gﬂ : -k VU, K: therma (oddudtvdy_

Tdls  LEADS o Uy - DYy t QXY

WITH Q({It,u): Q/PC- D: K/})C thermal d:FFustvdy
WE THIN  HAVE  THE  BOUNDARY (ONDITION T HAT
¢.6: hlU-Ub) h>0 h=conyTant,
THEN  WE WRITE @ =- KVU so THAT NEWION, LAW OF (OOUM g

Vi h s U ==b(y-up) ov N b: h/K Bior WuMBER,

Wit Ub GNEN, 18 THE OUTSIDE  TEMPERATURE,
Ty 6wWD  Tut HEAT (onbu(TioN FPROBILEM
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Wix o) = UglX) tIT L TEMPERATURE,
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OC AljioNatly  oNE  WRITEy VI’A‘
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F b<o Sk OF WEAT PropoRTioNAL To U,
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THE  ONE- DIMENJIONAL  PROBLEM  WITH Qlx t,d): Flx) @

1y S (MPLY

= D Uy t Fix) 0¢x¢lL

Uy = =h, (U-Uy ) ov X:L

Uy = h (U-,) o X= 0
Uix,0)= e (x)

X=0 X:l
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TUE  JTEADY-JTATE jo(uTioN (ORREsPONODING TO
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(i) 10 J0uvE  Wpp# D) U s B (Fo: onTaNT/ — LET s Ar?
r

10 oBTAN  2A+2n-1)A: Fy so TuaT A - FO/ZQ
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INSULATING BOUNDARY (ONDIT(ONS @

NO No
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STURM-LOUVILLE PROBLEMS 69

THE St PROBLEM HA THE FORM

( p(xz<b’J'-q)(x1d+ AWl g0 ocxed wix>op 1X) > 0

¢'10)- b, $lo)=o0, ¢IH’*})1¢H): 0 o 0¢ X<
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THEREFORE, wWE 0B TAIN @
! 1
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PROPE R TIE

(] THE EicENVAWE  WAVE THE  PROPER](Es
o) A uoaraL
b)  THERE ARE AN wFmiE N0 OF EICENVALUE) A wWiTh
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PAOOF OF JOME OF THE PROPERTIES

(i) EIcENVALUES  ARE  REAL
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() EIGENFUNCTION) CORRESPONDING  TO D(F FERENT F1G ENYALUE, ARE ORTHOGONAL

NE WRITE Mj: f\JWJ Wit % o gy

8 RY (OND
4¢K‘ /«\u W¢K JATUF fiNe THE BOUNDARY (ONDITION),

THEN (¢"MJ): (4,45 ) 8y tAvnanrs 0EMNY,
Tu ik L '\J( ¢,/w¢J ) = /’\"(¢‘rw¢d)
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THEREFORE ({\J‘-/M}L W‘ﬁJ d,( dX = 0,
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EXAMPLE | FiNO T4F NORMAL(zED EIGENFUNCT(ONS FoR @

i Adeo  0excl
dlo)z0, ¢+ dul:o

Wf wow THAT D> o0 umce hoh, >0 (property i)

WE OBTAN g= Asw({AX) wow AA (VA )+ Asn F} 0

Ty N SATuRES TAN[H-]"\/_. e / }/
Nso. PloT TANZ:-2Z.
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THERE ARE AN INFINTE B OF ROOTY
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/N 1,
¢ 1
TE FNAL REWU u o Fusx: ?_'\Z_JW(W)AO su({n x)
N An

»
FINALLY fixps 4: 42 s[4 _ sw(AnX )
0 Ay 1+ 'V 4a))

WE  Tws ExeANsON  T0 JorvE  THE  HEAT (ONDUCTION PROBLEM

B !
GIVEN  BY Ut: Wby, 0¢xel

U, t)=1, U lLtitutnt):o
Uiy, 0) = fix)

wE FINT CALCUATE THE STEADY- y7ATE  JOLUTON U (X)

WHICH 1 AT U F(E i
$

Ut 1, ) (1) 0

=0

WE  GET oy, AXe B TuEN  Ug(o):l GIVES  Usix): A,

THY YIEWS  A+[Ast) ok A, —s UJ(X)=-X/21 |

FINALLY, WE WRITE U= Ug+ V. THW VIEL)) THAT

V, = o' Vi
) Vio,t):0, Nyl t)+ v{ljt):=0
Vix, 0): Fia-us(x) | T
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WX

1
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THS VB TAE EICEWVAWE P ROBLEM ()
3" +4¢:0, ol
dlo):o, $'ti+guzo

THE NOAMALIZED  EicENFUNG on ARE  Ppix): V2 S ([ x)
[1+ cos’(m)]/’

WITH  TAN [ ): -y WE  EXPAND
o0 -dIAnt
Vixt): 2 Cye dnlX )
0l

o
Now Vixors f-vix) = Z ¢y o lX],
N:l
l
BY ORTHOGONALITY Cp ® JOH‘X)‘USHI) By1x) dy
) 2
S - Apt
AND T HEN MIX, )= Uglx) ¢+ / Cn @ b gf,,l)(),

Nl

ANt
for, I — o Uiy $) ~ Ug(x) + C, 8 G, (%) +- -
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EXAMPLE  FIND THE NOAMAL(ZED EIGENFUNCT(ON FOR @
[
(x2¢’}+ﬁ¢=0/ l¢ X¢ 2
g1 0, ¢lzi=0
we  Exeawo out 10 obTaw x 9" r2x¢’ s Ag:0.
WE LET ¢ AT 10 oBTAN  F(r-1)+2r +A: 0.

TH  YIF (D Fe-1ty1-44 '

2
FoR AN EENVALUE WE NEED [-4)¢0 ok A»ij
THIS VIE LDy ==L+ Y4l

27

OUR JOLUT (ON 1§

¢(x)= C,x‘llzsw( C}]oyx) 1t X /cos(@lojx)

Now @110 GIvEs (=0,

7
d(1): 0 GINES Sw(»l—:logz) 0R

HA“ JOJZ TN
! n: 1,23
TH'J \“ELDJ Anz _l. t nlil = l/2/3/"
How’
AND ¢ (xX) .SIN( ni lozx)
log

l
THEN WE NORMALIZE W ITH [ Gond =1, THL YiE, TuAT




THIS YIELDJ THAT C=l2/1032)'ll- @

FINALLY, WE OBTAIN THAT

T
¢an): (_2__.)/1)( /1 SIN(M 0’112;3,...
1Y TH
= Ly 0
4 HOJZJ1
NOw IF WE  EXPAND f(x) IN TEAMI OF THIS SERIEy
& 2
WE 0BT AW foo:2 G gy ix) Cp [ t10) gy 1) dx
p:l | '

EXAMPLE  SOWVE THE HEAT  (ONDUCTION PROBLEM
5 Uz DXy )x- 0 x¢2, £>0
ghi)su(tlo,  d0)s Fix)
SEPARATING VARIABLES wE opTAN  WNt):= Xx)T(t)
;!
ey XT e DT(RX/)-XT —u(z’f ): (kx5
D'T X
Ty LEADJ 10 THE EIGENVALUE PROBLEM / /
2 !
I SRR RN mu?% ¢K(X)=(—2-—)XZSW(nﬂogX}

'TORNIEY b
< 1):0
AK-_“ Lo+ K -ﬁ) ! K",?l..

WE THEN O BTANW TK’=-U+ DAIT
_ -1 -Dﬁut
TH YIELD)  THAT Tpit)= ¢ ¢®

@ -1+ D)t
Jiit) = 2 Co e By LX)
0l

¥ 1
™Y f(x)=2 CoghlX) 5O THAT c(,:[‘ t(x) ¢r,(><)d>(‘
n:l

»
Wit U1%,0)2 2 Cp ylX)
n:|




SPECIAL CAJES OF JTURM LOYVvILLE PROBLE MS @

() 8"+ x¢' +Ad:0

dol: gujso 1
1 1
MULT Py BY ex/Z io  THAT [ex/lgﬁ)’f'ﬁex/zg‘w
do1: d(i): 0
. xllz ! XZ/I
THE  WE (GUT FUNOION 4 W=2¢ 0 THAT J ¢h¢me JX=O
0
k nim,
(it} g'+ 24"+ 090
X
B dlz): o

2
IN ST URM- LIOY VILLE  FORM (X1¢’)'+9‘5X = 0

|
TUE  wEur FUNCTON i WXt AND [¢n¢nX2dX=O,DiM
[}

WE CAN JovE FOR @ BY  WRITING d(x)- vm/x

o tuw VeV aw o veheas[VA x )+ Bss(YAR).
THIS YIE D) d - id[ Acos (VA X )4 BJM{\/?X)]

IT 1) MoORE (ONVENIENT 70 WRITE
J - _)l_(_[ Aos[VA (x)) + BJM(E()M))]_

oW gujro — Aol gl2)s0 TR EWER

wewee YAe o or Nen'et

AND dnix] < ..L.sw( nﬁ(X-l))
X




WHIN  PIX) YANISHE AT oNE OF TWE  ENDPOINTS, OR  WHEN @

E(THER  [NpPONT w P WD HAVE A SNGU(AR ST umM- LIOY VILLE

PROBLEM.

Vi) ¢”f_l_
X

THis oy BEsSEL) EQUATION  WITH ¢’ AJOIEXNBYo[{_A—X)

Ifﬁsb'-o, 0cxX¢l; ﬂS(O)FmHE/ 9 (1):0

AND N STURM- L QU VILE  FORM (x¢’)’+ﬁx¢=0
!
o T | X fpdm de:0 FoR nim

(iV ) ¢”-2x¢'+A¢:o (X ¢ HERMITE'S EQUATION
1
N STURM- LiouvilLE FORM (e-x1¢1)/+:\e-x =0

S0 THAT f: e'xld,,()m dx=0 For Nn¥m.

UsiNe FROBENIUS SERES THERE ARE
POLINOMIAL JOLuTIONy TO THIJS FEQuUATION WHEN ﬁ=2r)J
FOR  N=0,1,2,..

TUEN @ (x): Hy(X) WERMITE PO LYno MIALS
Nz 9n, niol2,..

Ho LX)= 1, Hix)s Ix, Hyrx)e 4x%-1, .

(V) ”~ X ¢/ i\ ¢ N -leXel, ¢[fl) FINTE .
[- X2 [- X1

THIS 1S LEGENDREY FQUATION AND IN SL FORM wWE GFT
/
[0-x04' 7+ X0 5o J Bo1x) §oyix) dX= O

n{ m
THE sowrton  ARE g APoix)r BQalX) WHEY 4 :pin)

Now  Pp(x) ARE LEGENDRE PousoM(Als oF DEGRIT N,




NHOMOGENEOUS PROBLEMS : EIGENFUNCTION EXPANJIONS @

SUPPOJE THAT  WE WAVE A HWEAT FEQUATON ON 0¢X¢[, t>0

Wix) Uy (pux)lx)y - qxIUt 6 1) PIX)>0 on 0¢X<|

T Wi >0 N
Ny lot)= b, uio, t) bﬂ/o, hy 0 X) ON 0¢X< |

UX (1) =- bﬁ U“J‘t)
d(x0): Frx)

WE FiAsT (oNJDER THE EI(6ENVALUE PROBLEM Fop TME
HOMOGCENEOUS PROBLEM
(pgh o quud rAwigs o, ocxel
d'co)- h o0, g0+ h gu):0
THE KORMALIZED  FIGENFUNCTIONS ARE  $n(X) wiTh
ENENWAWES Ny FOR N:1,2,3,..., THE NORMALIZATION

. [
CONDITION 1S lo wix) (¢0 (X})l dx = [

WE 100K FOR AJoEourlon.m TYUE FORM
Wt = 2 by 1) dytx)
!
WMERE by lt) For n:1,2,3 .. ARE 10 BE FOUND,

WE SUBJST(TUIE N0 THE PDE 10 OBTAIN

® Lot
; wWix) b,,'{t) g 1X)= 2 b,,lt)M,, + 6IXt) Wiy
N:| n-l Wwix)

/
WHE /I 4;60: (p¢,,)’~oo¢n=-ﬂ,,w¢,,, NOW E XPAND
) |
6IX,t) - ? Cn ¢n(X} CD:L 6ix,t) ¢an)d)(_
W(X) n:|




THIS YIELDS THAT

@ ? z
S Wby §y 22 bWy + 2 Codow
ﬂ‘l n-.|
e
EQUIVALENTLY, WE OBTAIN THAT
@

Z (bnlfﬁnbn'CD)qﬁnW = 0

n:l

By ORTHOLONALTY OF THE EWENFUNGow @, D12,

WE OBTAIN THAT

(’() bnl *If\n bn: Cp .

<

Now (o) Tl Z bylo) gy ix)
N+

!
THY YIEtoS THAT  Dplo)= ]o Foxd g, ix) wixy dx

BY ORTHOGONALITY  AND /i W gy dx: [

WE JoLvE () BY WRITING

(b,,em ) Coltje 0t
t
WE 0BT AN bne/'\”t=b,,[o)+] elf\"qu

Q

Cn (™) 4T

- ) t i t
THY  YIELDS  THAT bnlt): b,,lo)e & Y ﬂot] @Mrcol'nd?“

THE  FIGENFUNcTION  FuNcTioN  EXPANJON

. o
{0 LUT 10N K] U(X,H=Z b”m%m
n:
Wit bpolt) Ar GEN ABOVE,




IMPORTANT REMARK @

IN OROER 70 OBTAIN AN FIGENF YNCT(ON EXPANJION
WiTH 600D (ONVERGENCE PROPEﬁTiE’J iT I CRITICAL

70 MAKE A CHANGE OF VARABLES 70 OB7ANN HOMoOGENEO U

8O UNDARY C(ONDITIONJ .

EXAMPLE 10 o LVE  Up= Uy Ocxel, 0¢t
Ufo,t)= Ty UlLt)=-h{ufLt)-e )

wiry h, To (ONJT ANT .
WE WIRST WRITE TuUE SOLUT(ON 10

W = 0 W, t1:To,  Wellt)=-h(wit-et)
TUEN w: Ax+ B, W, t:Tg — B:T,
Wis-h(w-e?) o A:-h[ALtB-e 1]
THIL YIFLD) A=-h{(T-et) -+b['t-To)
[+ hl I+ hL

WE  THEN  WRITE NIt ): W+ VXt
ANO WE Wt BE GUARANTEED HOMOGINEO us BOUNDARY
Conomiony  FOR V(X t), SINCE Wt=‘Xbe-t/llﬁbL)

WE OBTAIN THAT

Vs Vex +h (27t
(1+ hi)

Vio, 4y 0,  Vyllt):-hviL1)
V%o )= Ulno)- Wl = tixe)-T,.

@
WE (AN THEN WRITE Vixt): 2 b,,!t)¢,,tx) ¢n”+ﬁn ¢n
Nl Bolo): 0, @yl (1):- h¢,)u




EXAMPLE  CONJDER HIAT FlOwW IN A JPALRE WITH PERIODIC TEMMERATLURE

VANATONS ON THE BOUNDARY OF THE JPHEAE, MODELED BY
U:D(Urrf'_z_ﬂr) 0«rea, 150
1 r
Wiq,t)=sm{wt), U sowwoED A T30
J(r,0): "r/a,
WE LET Wl t): sw(wt) o+ VIRE) wHich  yaifuy
Vt: D(Vrr*%Vr)-wLostwt)
V{gi): 0, V BouNokp & >0
VIR o) 1-Tly

WE SERARATE vAmARE to o T - Y'vap Y oa

DT Y
THI) YIELDS THE  EICENVALUE  PROBLEM

/
glr 1940 — (¢ ArTg e 0
50 TAM THE WEIGHT FUNGpx 1 We ot

MENCE g= Au[Var) + Bos(far)
r

B:0 FoR BouNpEONES AT Q. NOW @[a) 0 fo VAasnT.
TWI  YIE LDy ﬁ\,,= Olﬂl/a?.

WE AR ¢,,(r}: sWomrfy )/

THEN virt) - b,, 1) ¢y IF)
N1

q
Wi b, (o) [ Viro) i dyindr J (171 )T fyir) dr
0 -

!'q rt ¢,,2 ir) dr [q rdyt(r)dr
0 0

B



Now WE JuBsTITUTE vo THE PDE 10 OBTAN: @

Zb \ﬁn EDB ¢ {),, - w cos{wt)

0 S{)n 30 ¢n 50 THAT
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