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wig  pla)=0 AND )J’(a°)>o AT JOME Q= Qo NOTICE THAT THE
0
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Now AT THE Powr a: 4, WwE GET THE BRTH OF A PERODIC  SOLUTION
WITH  PEROD T=?n/( SINCE d__.’f,(o Vo)).‘ AT Vy: V()
GELDJ xl” p Vo X2 0 S0 TaAT  X* s (Vot) on Xz om(vet).
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X'+ px-y eyt Togy)
e oxepy eyt gy
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(1) F},x+3),,740 AT (0,0;0)
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EXAMPLE X's px-ys Xy’ ﬁx,v)
L NTERLER TR

WE HAVE THAT =0 W A HOPF BIFUR(ATION POINT. WE  CALCULATE

Fux = 1 P = 0, ‘[xvy‘ 2 Swy =6, Juyt ], Fagy =2
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————————
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WE INTROOUCE  COMPLFX  VAMABLE)  Z: X+ 1Y+ 6“? , 2% X-iy= @ \

THAT . . . .
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OUTLINE OF PROOF

(1) A NORMAL FORM ON (%) 1y UJED T0 GET CANoNcAL OPF.

(1) INJPECTION OF  NOAMAL FORM  EQ UATION,

LEMMA 3 A NEAR- IDENT(TY TRANSFORMATION THAT 1S ANALYTIC AND HAJ

T4E  FORM
G: 7+ Slzz;p) wie S=0(1zI') a za0

SUCH THAT (¥)  ADOPT THE NORMAL OR CANONICA FORM
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R1=~0”,U)/ = -i’_l_ouht 0{)1’),
I ¥io)
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WE cAN  THEN  WRITE  THIS JSWITEM AS

A A - A - -3
s L g3 Ly ro(lsr).
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A
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A
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NEAR  IDENTITY TRAMFORMATION IF WF  HWAVE [ :0. HENCE,
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STAGE OF THE  NEAR (DENTIY  TRANS FORMATION,
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THE SteN OF  RE[M,] DETERNNE  THE LOCAL STRUCTURE,



(iv) CONSIDER  THE  ORIGINAL JYJTEM WITH

7': (d-13)z + Nlz,z2.4)
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NOTE : H¢O  ORIGIN 1y A JTABLE JPIRAL POINT :
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NOw wF LET  Z= X4y SO THAT
. -
2lsip-i)t - iy
BuT X=-2L(z+2) AND y=-_;_(z-E). THIS YIELDS THAT -

: = _-2 33
z'- (p-1)z - é(z3+ 2'7 -23°-2

SINCE  THIS 1 A CUBIC ALRFADY, All WE NFED 1 THE JE(OND
(OENTITY TRANJFORMATION N THE FQORM

b=z + Rlzz; p)

- 3 - -
WITH Rlz z,p)= LTz + F3222+ .Lr423_
3 3

TH Wil LEAVE THE EFFICENT OF 2' Z ivARANT.

THly THE  NoRMAL FORM 15 JIMPLY
6/
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EXAMPLES oF HOPF BIFURCATIONS

NOT ALL PROBLEMs ARE MMEDIATELY C(AST IN THE FoORM
[ x’), ( d(y) B(}l))( X) , ( F
!
\ Bl dow /A 6
0 BEGIN  wiTH. HENCE OTHER TECHNIQUES CAN DETECT HOPF BIFURCATION POINTS

WE NJIDER A FEwW EXAMPLES

EXAMPLE | THE SCHNAKENBURG MODEL IS

XI’Q'X*XW:{"(/ﬁ a,b>o0 X,y 0
y': b-x'y = guy)

THE EQUILIBRIIM  POINTS S ATISFY Xzy=b AN G-X+X'y:O. THS

VIELD)  THAT

XE Ve )= (Q’rb b )
(a+b)*

NOwW WE  LINFARIZE  AROUND THF Eouit1gRiuM  POINT  To

6ET  THE  TACOBIAN

T. (-H?xy S R LT/ (ash)
- Ixy X ‘25/(a+b) - [a+b)*

A JIMPLE CALCULATION  YIFLDS THAT

det T = -(b-a) (asb) +2blarh) = (avh)(2b- (b)) [a+h)’

(a+b) N
trace T b-a - (bs a) = (b-a)- (b+a)
b+a (b+a)

RECALL  THAT defJ:f\,'X, frae J = 'A,fﬁ,,

o0 e v mo Aeeivoae owe haw siuer fransve rygl ChowNg




’rheu We hove o HOPF BIF URcATION, H)u w:" OCcuR wben Jef]>0

avp  trace J: o (4ogether with (rosINg cond:hon)_

3

THE - EQUILIBRIUM 1§ UNSTABLE  whHEN TRAe J>0 —> (b-a) > (b+a,)3

7 Y v STABLE WHEN  fgaee T¢0 —> [b-a)< (b+a)”,
vow whet  (b-a)s (arb) we hee Nicifarh) 4w 4 gract

TRANSVE R/ALITY OCCURJS. THUJ, WE  HANE A HOPF  BIFYRCATION ANp A
PEAODIC SOLUTION AT LEAST NEAR TWE BOUNDARY WHERE ‘trace J= g

NOW WE CAN ProT THE STABILITY REGION N THE (a,b) PLANE.

WE  WRITE b-a = {b+ cl,)3 J0  THAT
b= (b+a) + (bra)
2
3
Wi UBEL  bra: Xp so THAT b= Xf +Xe Aw a: Xp- b,
2 2
. 3
THUS —a= xg - X_Zg-if_ , 40 THAT  THE CURVE IN PARAMETRIC FORM g
2
b= X :
: ﬁ" +l(~h'_ Q-: ﬁ_“-XE) O(X;'(l.
2 2’ 2
vow  da . 0 WMEN L - 3Xpl <o o TuAT x|
/ng i T X /\6

THIS  NIELD  THAT Oppy = | WiITH b= 2
AX .
W3 303

HENCE, WE GET A CURE ASs  SHowd

a
IN J})aded RegioN i Tueny
cwmx}—}--3 e ot thal we get pewode solihon
\\\\\Q\\\\\\\ [smee we con cowteact ropping

2/35 b;,. Mﬂ]ONJ‘ HB the orem 3uqkqn']gej

Puwdtc Jo]uflow NeQR w}‘)eae,
ra® T=9



EXAMPLE 2 (GLYCOLYSIS OSciLLATIONS)

(ONJSIDER  THE JYJTEM

X/= - X+ ay 4 XIYJ(X,.U,X,Y?O

‘{/: b-ay- X’\{=3(x,1)/ 6 b> 0.

THE  EQUILIBRIA  ARE  JINPLY y: X y: b
as+ X? a+X?

HEN CE Xgo b AW Yy b/lm’f

NOW WE  CALCULATE THE JACOBIAN As
J=( fy ff): L2y A
o Yy - 1%y - (a+ X‘)
SO TUAT AT THE FQUILIBRIUM PoiNT wWE  HAVE

_b_l:l_ b+ a
T ( b'+ @

- (a+b')
- w/b’m

WE  THIN  CALCULATE  THAT Aesz a—bl+2})1: sz)O
1
brae T2 (bl-a) - (B4ad”
b’ a

Now  wE  GET  THAT  TuE  EQuiLIBR UM POINT 15 uUNJITABLE IF  TraeT s

AND 15 JTABLE IF trae JT¢ O, WHEN  TRACE T = O wE- HAVE

A, - bl k]

NOW  THE 4B theorem SayJ that a pemoo,:c Jo}uhON

-

K] bORN QlONj 'H)e (URVe '}rQ(c.J = 0.

Now wE  Fmd  where  frace T>0. WE  WAVE  TuAT

(bl*ab (b a)z‘



WE  LET (= b 5o TuAT

1 1
¢4 (2a-1)¢ 4+ a+ &< 0O

JOLYVING  WITH FQUALITY WE GET

E '_'Q_Si L\/(?Q-UI"“"M)
- )

TH  YIELDS  THAT LI . T
b H22a) 4 _2'_\]|-3q O(a(,/8~
THE REGION 15 S HOWN BFE QW
| A HOPF  BIFUNCATION 1)
trace Je o
b |fraedzo b GUARANTELD To QCcuk ALoNG
mu?ubk ' STable €g.
0. THE ~ BOUNDANY  trace J: 0
0 .
'y a
REMARK S

UJ CONSIDER A NUMERICAL E XPERIMENT WIT H

b=\f3/8 AND q=’_’-+£t €:.000]
b

WE  FIND  THAT THERE 1y A pPERoODIC JOLUT QN  EVIN
STRICTLY INSOE  THE  RECionN  TRACE J >0  wdicH
THEN  O(Fs ouT oNCE o BECOME/  Too LA RGE,
BASED ON JTEADY- JTATE  ANALNJ(J WE  PREDICT NO

OSCILLATION — WHIN Q> 1y HOWEVER, THERE MAY

BE A sueuT pFLAY  DUE  To  Jlow Y VA RY ING  cONTROL

PARAME TR | see Flguie od Ne o pqge)‘
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(possible C‘zlcw (N blfurr.t#mu)
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