S1ow- FAST SYJTEMS

T 13 PROD LB MS  wE taNspE &ED wWiTH DELAYED S{El‘m{:ﬁ?!oﬂﬂ AAE  Tul

FOAM ' F x4 x’-:dxjdt.
/
Vot
LET T (G 2ot WE HAVE éﬁk *F[&ﬁ] °f&@?,
1

TR G & SPEClAL g4y R oF A (ENERAL gpw- FAIT JYITEM

Wit TEN  AS

E;{: ¥(§:‘f) “Fem Xém
(t) . y .
Y o= 3{@y) Je ) ye R
THE  SroW  MANIFOLD(S)  BOR (1) gy THE  SOLUT10M [/

e wE o whok A Ty y] e o

EERITRTP 0,

METHEN LWERIZE gy e Tigy o Asour X"y to odraw

THE T AOBIAN AXWZ ) ‘}l‘,wz ol
oX X2 x4
TRE  Stow  MAKIFOIB a5 SAD 16 BE UYPEABO LG e ALt oF
THE E1CENVALLES  of AX HANE  WON-ZERO REAL PaRTS.
TAE  Jrow  MANMEQLD o ASqMP IO TICALLY JTABLE o AL

TREEENvatgk or AT waE NEGATNE REAL PAAT

THE 010w MANCFOUD i UNUTABLE IF ] g EkNVALuE

oF A" Wiy PONTWE  REAL PART.



1P THE  SL0W  MANGOLD 1r ASYMPTOTICALLY JyrABLE, THEN
THE  0ywAMics  oN  THE  §row  MANIRas  ug, v0 cEap e oap KR
- #
R ARYAY
" / o .
EXANPLE CONJDE & A0 ¥kt Vulro wuErt Vi) o sowk
SCALAR  POTENTIAL  AdD Yoot
/
b WRiTE ST A an]e- Vi,
A
BTy bF wrhopuds 4y Sy k¥
, /
T 4N = ¥ y-X)
A
ool Vi
Y
e . ]
/ /
Y ow .@l){}
Fh o Gaod, wE DERNE £y g0 THAT WE GT w0w-Eag

JVITEH
i Jlow
V? Jw(k
SLow

MANIEO LD Iy

o [ 1 (m/]}

“ {
MAW tEO(D )5 \{ T - "ﬂw 10

Ex= 4 X Ty
V- »-‘ﬂfx)zglx,y)

xy(?jf Y. T AIYMPTOTICALLY JTABLE

Cso=l<00 TRE dYRAMIO ol TuF
L1y

LEADW G oaplR,



wa 4wy VL )

{7 {r
o on siow  wafors 4 VIyim] <o wm Eounmua
dr

AT oW AR "\?/!)’e}ﬁﬂ. tF "\I”(yejw) = JTARIE Eouwiishia,

Vi)
N\ / Nz

| f

Exampis 2 Wk NOW  GVE AN FAAMPLE  WHFRE  TRANOTION  BF T wl oM

Jlow  MANWFolbs i POUS/BLE. TAE  EXAMPIE o FoR “RE1A 44 /00

oscitaT N’ whica AR PEpODIC JOLUTION  MiTH TWo TIME-J(4 i8S

A Jow  BuUlb- b PURASE AN A FAIT TRANORNT  PuAJE

/i /
WE oM ER X+ Yhwt s oy o0 wryg o Y e

TyE  CiAlre YAN-DER- POL O OSCILLATOR gs f qgie g

6 i i i

VAN DER POL SrciLiATOR wirH ¥:4

Slow

FAST




COBSRRIIGN 30 Jiow - FAST SYeTEM. LET

A ]f hls) ds.

L 47 «s IR - X.
H
Wi olEak  y  BY Wy gl &y
do  TuaAr i
f e 2 Y
Y

YTy T

wow  LET T?r/g{ Jo  THAT  WITH Ez'/gz

.,;g ) ‘ .:]t
AR B LA ALY

?"3 S 3“{/‘”
NOow  CONSIDER  THE  vAN- DEL. POL QUCILIATOR  wWiITH
¥
1 3
Ix=] ($nde= X < .
(= |, b= 4,

THE  slow  MANiFoLD(S)  ARE TuE soiuTON xx(w 10 \;:Lffx/‘

Wk PoT A FOLIOW] A1 "{/U()‘-’o .
y

# Hit)e =2 g fa)e 2

. X, 1y h /s
2/3

WE OMSERVE THAT THRRE AW 3 Swow mewnows Koy, Xl
Mo X)),



wE o psiavk TMT

3 Fluy) e -y = -[x4],
T b -l Xel, 1e o Mawfow ¥, (f), W MAVE f}x”"":'?'”jv“,

Ak WENCE THD MANGPG(D 1p UNITABRLE . THE OTHEL  MANd o Xf(w, Xﬁy)
ME Al gwa I s b= 3 P aml]co

Wow oW THE  STABUE siow  MANfFotoy THE  Jtow  oyWaMIcy gy

y .,.,;{:1” <0 S X.;,#i{}“?@
Atd y e . XMy 0 S ){flf] < 0.

T Wl tkabdy 10 THE Folio wing PrcT URE FOR A PERODIC yo T ioé

P Y TRANIeNT

&

r

T %4 1)
uX, ~ 2] re U
&WQﬁiﬁ\\j | /
N ' i
5 /.i‘ °2/3 i\\\_.,//

e (F Y IAL wodsiod 1y Ay PO PooT kN fJL&C%{l‘f WOTINE Wi fAcy Pomr o8
o HOTICE ok Y s ) Talv LX 0 do ){‘:O{f/gjﬂ} Aup Wi

MAKE A AAPin  EXCUbiion  FROM T W U

© IF V< R Tam £ X0 o 5(:0{1/5)(0 Avp W
Madk A RAFD EXCulpon  FroMm R o S

. . 3 . . )
NOT(¢E w ity \{ 2]3 Tupt X/s b Z/; HAL 40T 08 X0 A WELL
THul Uouny ooromwarks (1, 2y)

S HA (ooROWATE (-1{»2/3)



Tl B Tub Scouk MATC

Slow
4 giom
Joras o
}
AN R i
/ it \ /j/ \ ™
3
. AR gl T ,

vow  cowptn FAIT  TRAMmTwN  FRemo R0 S TaRd L7 ge?‘/g

WE OB TAW
Wy = V- HW

JY/C;G, R

WIT i NS 2/3 T #bd s 2 & 0'”?_

Now to ESTMATE Tk PEMIOD T Wi pAKE T ad Parw RO mp b7

e R
ye. X
buT dy/d,j_ S JK/{;T. : ['){1«!)‘}(
Yo - X (szl);{
50 Iy o . [.,.)iji) Ix Teo wald X2 Powr [J
X T T/z Wby Xof  Pomr R

iy N 7 | )
wo [P e e ()

9 1 A 1 X ? |
PERIOD OF OJ CILtATIoN o
omeinAL vA RABLE g

A {3-Um )Y

LTI [ gt 'f’/1 N 3/2«-":32,



BE MARK i SuUrbosk wWE  WAWER A JOWTION wiTy  TWO PERG g

SOLUT (0N, TUHE4 FOR

)*(Hééff)wxls' ¥+ 0 wWiT i ¥os i

x
Wk LEy l«ttx higyds 21w ¢vcek,  wouto BF fon/B(E FoR
vd YH!K[
A
]
G ]
REMARK 2 Subpork hfx} A JHowN

hit /i
) DOL/ X +Y h!x}x/+ X 0 wrn &)

HAVE A LeMtT CYctk ExmiB T me

RELA K ATioN O Yud Micy |

iF 10, CALCULATE Tue AP0 o xmatk
PEA3D  oF ouciLiaTion



8
LNEAR SYSTEMS ®

{
COnIpER };J[? i y E[ei s ¥
AHERE ifa {1, djsune v [([1)]1 KEMM(L;)WW%
£ KERNEL (L) = spa ] y)
Wi KxPAa de Ug# Loty £ty 4- o 0BTAN

Chuge Tdue Lo T o s[4 s d, u-u'T 000
i £ ki hed < - “ s

T Gueks  THE WIRRARC K Y

L1 41 ng T 0
1 4: }]‘z 9&1 N {0 ga
TR AT

Sdppore din /“U"'! fo Yo = ol 13) ?50.

ey

Z‘ E‘ji: P@l" ol, 40 f{@.

HOW  WIT Y WEA Phopder < @by wb HAVE

T4

(uigiu1> = (“MIL“{G’B"()(([‘JJg{Dgép‘%
(j:lf)/ R 141, L{g!> - 9{(”,{05%5’

£
tay swee A WO, WE MAVE  BY FRIDAOSIM A LTEMAIWE T HAT

TR (= /oy {: ¢

A=

~—

THY  GivEy  THE JI0W pNAMICY



pEcreapyE  (AJE

suebols THAT d's 0 a0 TuaT (u,%ad‘?:o, THY  THE

BINAMIC  muyr  Occuh  od A LONER  TIME-J cALE,

Wi uEr et go TaAT  troflfg) mewr TEOU)
THEN ° : | ,
Hoe ( zyi‘f' E""{a) ,!;l &:d/d?‘
Wb AssuE tur Y o ds e 0,

Now  wE  EX A TERNNTAR ST LS TR
wi o oBTAm (4] 4 U, = 0 gz B2 9
(5 4, e - {g Ug
(b | 4, le i iiJ@ . 40 iJg,
wow Wi AJJ R O, Ld> = 0 w0 Tur By sewant
WE T HEA OBTAN  TuAY T 3/1} W el /i‘ oy Taf Y cku Pao&aw”

KH 41}\4"“{‘0 S{

aE PSR Taf WomAuizAToN  COMToN THAT <, §U:0
TUE WORMALIZAT(OH (OND/Ton BOBs NoT NFLURKCE  TUE odNAmIcy

AT WEdT OROER T uR Jo LVAB WY cONbITOH 1

oy t-dous = Beygo- < du>eo0

T Ak 1y 3 : 8 < szaﬂl" /f,‘»’"%,nl 199{ t 3’}{
Ve !.,J, ¢~), For awy Y



wEk  CALLuATE

Cydon e Cudligadids s

9o T
wuew o nErkkr ofF ¥
THY  THE DYWAMIC S,
é = B¢ I%J; 404; kg
ERE

W NBEP Eup NT of T ul  NORMA L7 AT (0A

TqF L PRORUEM [T
EAAMPLE ([ conrmubouy 7l MARKOV CuAN ),

1/1.,,3:“

f/i
P,/: 2¢p,
! 1
P.'Z %Pﬁv{?'}f)&
ple (L - g)p - Ly
3 g ) 7 '3
Wl WATE  THy 4
0 1t 0

§

(41}@*7

CONDIT (ON Wi BD va o ve

Py (1] = ?fob&éu’n!{ o b@le
W ddak oot



DEF Wk /j 5 0 ¢ ° fa“é 0 . °
0 ’/Z “,/2_ 0 - 0
o v L0
/
THuj Pl Me" i 4, )0

oo

aE WA to Kwow  wuM TuE  OWAMICS  ARE  od THE  LONG T (ME

SCALE .
17 st ge troly) e o)
Ey o °-1-° - O L
- { ¢ (l 4 fﬁ) f 2 J/d'}’* N
NoTich T HAT /i, W 4 ZE0 egewvarul of Mully Lycnlf 7

together wth o0 eqervalie  oF  mop wrw miliplicdy o,

(s 4= upod ?ufé?’% g‘? (

L R -
\__\__—_
=N
I3
LT —
—_——-
\\—‘_'_

8uT MAT LK fé‘ bodymmerhic o 95,? ¢1 : O
, - -
(EIR L {, = UEwE i, s JpON % W;,sz 7)
WOW  WE Ry pAad

Pt Po“}’gf’; + .

. W

WE 0BT AW PQ : iy é, b, Eél wiT i gﬁ,, g, 4 4boyE

M o A, dy s oy (M



AT NEAT O&BER

z,g;? 5@“40E@~

THE  I0LvABILITY (ONDITION 15 THAT

But

e

\—____,__o
T T
o S -
k__\—“»ﬁ’—‘—-
%
(s

08 7AW of, = 2 o,

g b 4T g o)

e w

T 0(1 =T 0(1.

?ﬁz; Tsz = 7




WE  (oWcLush  Trar  FOR “i'*(){f/i) wk Myl

Wit &jfg ’s ) /. d/(”

Ty THE yydem geachy 4 g uast-stesdy BALawe bed weed
staly P, Ao % @.apfclh of A4 oll) tme scole arth

ﬁmb akf,n‘f “Leakmi” Fiam J‘}q% P1 AnD Eg o a!:warb!ﬂj J“}@f@ p,

oN laﬂj T ime~; ca{g_



TAVLOR DISPERSION @

Consmpra  TAE  cowvEcTioN. DIFFUsGN  PROBLEN  Fon  C: C[X,RT)

Mopbgtkr 8
] r
Corsqumers ol G L (wegd]  w eckea
ax R
Car 0 o0 Reo, 0, -wexeds
Wk AJJumt T (R i {“R/ ) f PARABoLic PASE diF Flow

WE Wy ote B8R T RAM WE WHaeT  ARVPENS  To A4 INIT 1AL E)Loﬂ

ofF CARMICAL b rul TRl AN AFTER A LoNy TiME  Awb F AR
DO wN ST RF AM

(b Mo mEwoNavizes A= [ T R[AE L ?

J %&)

Thy KD

Voo Gt Mo dyfuc)s 2 (e D g (e

L L [ at r
wh Wik AJ
g " 2
(*”—L&J Lol Grde) ] & e Lode [y
D L. L'l [
Wk p EF Nk E q/‘

ot Usa» o) Poclof NuMs £y
D



THID NEE LBy T uAT
g Ll el S ral, W o,
Cpr0 o IO |
Mib J ?(!wr’?‘ )
Wb mGw loow  FOR A MULTI- G Al soLuTION gy THE FORM
b)
B s Gl bt e 8000t ) e 8, )
wh  wWhiTf (r) A A obElavoh  EQuaviod
1
1Ic:~8mv«£l’g(6,§+éx1w1)
Wit I 4{ : L r.
ERNRSYS
WOw — URON  (UBIT TdTiNe wE OBTAW  THAT  wiTh ct= C%* £ Cogt-.
(41 4!, o= O Cop 2 0 o F: 0 |
L5/ 4}‘ C, ® Pe[ [Ot‘*éxfucojj (pe0 on 9 |
(6) 4, ool | Ly v 9 {UC,}]% fo Cop = Cou bpzo o I
Wk 0BT AWM THAT
(,az Cof?(j't,?’}
AND SNCE 4' o JEE < ApTe Ay Wit Y} {;[!7"‘ 0/ e, Loy ool
WULL- Jp A C 8 {, WE OB TAW  TUAT  (5) u gorvabLE  (FF

| eltoyrdlic) 1) 0

Wm0V [

[
yvrdr

Q



Thy YELd, TUAY

! l

Co‘t} Fdr o c}x[(L urdrj Co] : Q.

l I “‘I

2} yrdr s ?;il 2 [1-rYrdr- ﬂmamt} I

Wl LABEL
U , X 7

1131

Tas on  THE T TNE-JcALE Aw FRR DownsrabaM  wWE HAvE

(7 Coy + < U> (o= 0 wry Y > = ]

L

T Wil (4 ° Cf?()(«tj ) WHICH 18 DRIFT BOWMITREAN  wity

Tk AVERA K.
NEXT  WE wWANT 7o MEASE Tar DEVIATOW  FROM Ty PR

PRFT  BEMAVIDR,  wWE 5 UBTRACT (5) Awe (T 30 0B 7 A

I . pr
GG s e | Li«(d)] Co

[
wh b F R nF U de gy o 4] T uk VE Loy NON-UNE OMMIT Y

Mo (0wl Wik

o

wdk R e ygir) -1« fowf“lj« | = f“?i“l_) JATEGEr <d >

NOW 70 g0y %) wi WRTE

0.



WHERE N douvl THE U cEl PhobiEm

~ 2
<oy I 0r 2 4 |
(1] /\ {’ \f, r Jo M= I Ty o o< At Conrpur]

Now  wWiTh Voo Awewn o uroto A CONTANT el WPt A MULY IRk

of  TRE Frfmber /}(f,) Wk ploctfe To  7Taf  EadJavion Foy ([
Wk uavE

H” éf (:1"& PG[ C"i’ U C'X] t P8 ('107»” CoXx/.

Wil
{H“{ . Cie Pe (‘5)( Vl‘ AND C + < !J > Cox : O

Ot

Now Wi cAtcuLAT K NOTwe T Y

r ¢ D { 4
L“{j ro U [.,'g = ’Q VJ Oi}{; CO){ v+ P@ Vs‘f‘ COKX
pQ Vi g’x { Cot # U(,o;(]

L d

: © P(’.\ji i’:ogx;r U“(U)j{
50 ) ’

[

Cpv Uty = Po ¥y Loy W0 Us <

SUBST Ty TiNG INTa () YWE iy Tapr

1~
/ .z{, Ceo Py U G or Py Cop - fonx
)
!



FWMW} TRE SOoLvABILITY (oD T rod ROl Z) U TRAT

pA

Pe Coxx {\/1 L}/ f) * {P?, Ca';«/[j} N {,Lw;{, I,} = 0
!
AdERL L) /O FvAr iy 3k by
" 2 - 1
R A N SRR
: J
| o e
oh Wit Mo g Fdoly s , o 3_, (Pe 4n f)f Pe {07“‘“‘{",
2
T d) 1 ‘
Pe C@f}w CoxX ( [” QP(-) { \J,U ') j}
(/
By L3 e ey Loy S ~ e
( 2L "ar" vy oar o= E_. { \ff o> WU RE «(\ff oS 'Zjau\jirdf
Ty wWE uAyF
1~ ,}
(”)! PQ Cc'}\.. = Co}(){ 2( ,'" P(’, ) \j' > ;,]
| /.
A"
WENOWchu LATE ¢ U N > wE eyl Faom (o ) T ugy
Voow fwowd  awp T : 007, 7AW
A o~ 4 14
Cuvp> o= < u{iz"i)%o{z\}“(ff“;fﬁwj?} Sw(t <U>
* 4 % L4/ 1
- 1 9 1
R O/ L B B Y I
'y i.4 3 /
L 3, el L 5 5~
SR @Li (reIr ) Irte et drs L Car p 7 gy Jdr
Q ! 4 /QL -



a1 D)

~ .
P T S S R T R L
R A R T
Tuds, 13/ FE (OWES
i T b
e Cor® Loy 2 (4]
L 43 1
M Co Do Vote) Gy

i

1o Rx PAEsy  our Fyar RFsd T Wb T Ak

pa {Ce’t + LU Cax_) 0
Ao ADD 10 ¢ P@ Co:;\, s ¢ Co)(g ( |+ Peﬁ/éig )
Taly Gk
/
wow  Taar  wk o ARF FONGgED  WiT» Ode MULTI~S ALk EL Al wi
whiTE Lo o~
dﬁ(x"/ (O{X;%/fj}
| 1
; [ ! . / !
A Pe C.o_t + Pi’; o> le‘( ©f CO}{X f\“ P@/48
Diyipa, DY P(’; : ﬂaC(/D wE 0B T A
A | 1
by + U > Goy s g By
Gogg T 2
s 18
FeLLy, PYT om vERm o F DiIMENIONAL YA hpB ity
T T, o o ol HERN N :
r= T A e T Uu, g o/,

0



Tuihs

Hor

NOT FCR

T i

Fon

n Yo
o« D loyy / L+ Do /48

Y i

Ny T deatl Pk Py e 0

ryb CRFEcTiuE BIFRUINITY W

L/ !
o on ¥ ::.:, {
L]O {JQ
! L, o~
C‘OT R "oy
LV BN JALED o
iof THAT
DEFFT Al D‘v’/
JALT N wWATER , D=
e A
M - 12 cm}/
T ltc -

f.‘f'}) cp [ I U, &])n e Tyal
9 i 48 pt 4D

.5 1 -
,2(]0 Cm/ff‘:(’,/ LIO‘: «LCM/JEC/ g OZCN}



