Chapter 3

Basic Floquet Theory

3.1 General Results

If we have a problem of the form
x = A{t)x (3.1
where A(t) is periodic with period 7', then x need not be periedic, however it
must be of the form
eltp(t) {3.2)
where p(t) has period 7. Additionally, it has n such 5 and together they satisly

N
et ToneT L pitn — gy (/ tr (A(s)) ds) . (3.3)
0

The lollowing theorems prove those results. We follow Ward [28].
Definition (Fundamental Matrix). Let x*(1),...,x?(2) be n solutions of x’ =
A{l)x. Let

X(t) = | x| (3.4)

50 that X (1) is an n x n matrix solution of X' = AX.

Hx(D),...,x"(t) are linearly independent, then X(t) is non-singuiar and is
called a fundamental matriz. Y X (ty) = I, then X () is the principal fondamen-
tal mairiz.

Lemma 3.1, If X{1) is o fundamental motriz then so is Y (t) = X{)B for any
non-stngular constant malriz B,

Proof. Since X{{) and B are non-singular then the inverse of Y{1) is B-1X! (£
and so Y (1) is non-singular. Also,

Y o X'B = AXB = AY (3.5)
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so that ¥V/{1) = AY (1). N

Levnoma 3.2, Lel the Wronslian W) of X(%) be the determinant of X(L).
Then

W(t) = W) exp (fi tr (A(s)) ds) . {3.6)

ty

Proof. Let 1y he some time. Expanding in a Taylor series,

(1) = K{l) + (£~ 19) X' (to) + O ((t lo)2) (3.7)
= X(to) + {t — to) Alto)X (L) + O ((t -50)2) (3.8)
= 14+ (6 1) AL Klio) + O ({2~ 1)) (3.9
80 that
det, (X([)) == (let EI + (1~ 1g) A(i())} det (X (to}) (3.10)
W) = det {1+ (8 — tg) Alta) W{to). (3.11)
Now since
det (F+¢C) = 1 -+ ctr (C) + O (%), (3.12)
we have that
W U) = ﬂ/(f‘(]) (] - ('[, """ 1(;) ir (A('{()))) . (31 3)
Now by expanding W (1) in a Taylor series, we obtain that
W) = Wto) + (&~ to) W'lto) + O (L = 1)) (3.14)
30 that
w! (to} = W{ta )tz (A(lo)) . {3.15)

Since we have not made any assumptions about f, we can the write
WL = W) or (A(E)) {3.16)
We know that the solution to this equation is
i
W(t) = W (i) exp (f tr (A(s)) a’.s) {(3.17)
iy [

Theorem 3.3. Let A(L) be a U-periodic mairiz. If X(1) is o fundementel
motrie then so is X+ 1) and there exists o non-singular constond malric 3
such that

i X+ T)=X{)B for allt

i, det (B) = exp ( f(: tr (A(s)) ds)



Proof. B3egin by showing that X (¢ -- 7 is also a hmdamental matrix, let
Y{i) =X+ T). Then

Y ()= X4+ T) = A+ D)X+ T) = ADXE+T) = AD)Y () (3.18)
and so X{ -+ 77 s a fundamental matrix.
i Let B{i) =X ({)Y(¢). Then
Y1) = XOX Y (1) (3.19)
=X {)B{t) {(3.20)

Let By = Btp). We know by lemma 3.1 that Yo() = X{)Bg is a fun-
damental mafrix, where, by definition, Yo(fo) = ¥ (). Since these are
both solutions to X' = AX, by the uniqueness of the sclution, we must
then have Yo (i) = Y{i) for all time. As a resull, By == B() and 50 B is
time-independent.

ii. From lemma 3.2, we have that

W (L) == W{te) exp (f‘ tr{A{s)) ds) {3.21)
Ly

: LT
Wit 4T = W(ty) exp ([ tr (A(s)) ds + f tr{A(s)) ds) (3.22)

o

T

W+ T) = W) exp ( f ds) (3.23)
!

W4Ty = W) exp ( ds) . (3.24)

We also know that

XL+ T) = X(1)B (3.25)
det (X (t -+ 1)) = det (X{1)) det (13) (3.26)
WL+ 1) = W (1) det (B) (3.27)

and 8o
-
det (B) = exp / tr(A(s)) ds (3.28)
a £
Remark. Since B is time-independent, it can be computed by sefting { = 0,
so that B = X 1(0)X(7). If we took the initial conditions X(0) = I, then
B=X{1.
Definition (Characteristic Multipliers and Exponents). The eigenvalues pr, ..., 2
of B are called the characteristic multipliers for X'(1) = A(1)X(1). The char
acteristic exponents or Floguel exponents ave gy, ..., py, satislying
po= el pz = et oy pn = el (3.29)

Note that py for j € N may be complex.



Properties.

i

iil.

iv,

The characteristic multipliers {eigenvalues) py, ..., o0 of B = X(I'} with
X(Q) = 1 satisly

o
det (B) = prps - = exp (] tr (A{s)) ds) . (3.30)

[\

This follows from theorem 3.3ii.

. Since the trace is the sum of the eigenvalues, we also have

tr (B) = py 4 pp 4 -+ oo (3.31)

The characterisiic exponents are not unique since if p; = e®”? then p; =
(ﬂ('”i' -}-?.ni/’l')’]‘_

The characteristic multipliers p; are an intrinsic property of the equation
K1) = AX and do not depend on the cholee of the landamental matrix.

Proof. Suppose f{(t) is another fundamental matrix. Then
X+ 1) =X0O)B. (3.32)

We have showed i1 the proof of theorem 3.3 that since X{1) and X (1) are
fundamental matrices then there is a constant non-shigular matrix € such
that R

X{t) = XW)C (3.33)

so that

X+ T) = X+ T)C (3.34)

(X(—L)l"s) = (X(1)B) C (3.35)

X{1)CB = X(1)BC (3.36)

CB == BC (3.37)

CBC =B (3.38)

s0 the eigenvalues of B and B are the same. [

Theorem 3.4. Let p be a characteristic mulliplier and let b the corresponding
characleristic exponent so that p = e . Then ihere evists  solution x(2) of
x' = A()x such that

7.

1.

x{t 1) = px(i)

Theve exists o periodic solution p(t) with period T such thal x{t) = e"*p(L).



Proaof.

i, Let b be an eigenvector of I3 corresponding o eigenvalue p. Let x{t) =

%t + T} = X(t -+ T)b (3.39)

= X.(1)Bb (3.40)

= pX{t)b {3.41)

= px{L) {(3.42)

so thai x(t 4 47} = px().
i Let p{l) = x(L)e ™. We now need to show that p(t) is T-periodic.

P17 == %L Tye ) (3.43)
e px(§)e ™ T (3.44)

2 it 2 A5
= x(t)e (3.46)
Az a result, we have a solution of the form x{t} = eMp({) where p{l) is
periodic with period 1. [

Hemarks.

i H s veplaced by g4 20d/7, then we get
x(1) = e plt)etr T (3.48)
where p(£)e?™ /7 ig still periodic with period 7. As a result, the fact that
4 is not unique does not alter our results,
ii. We have that
X (4 T = pyx; (L) {3.49)
x5t 4+ NT) = ,r)f’x;,:{t}. {3.50)
Each characteristic multipliers falls into one of the following categories:

{a) If |p| < 1, then Re () < 0 and so x{{) 22 0.

(b) IF |pf = 1, then Re{u) == 0 and so we have a pseudo-periadic solution.
If p == 1, then the solution is periodic with period 7.

(c) If |p| = 1, then Re {u) > 0 and so x(t) ~» 0o as L — o0,

The entire solution is stable if all the characteristic multipliers satisfy |p;] <
1.



jii.

iv.

As for the general solution, suppose that by, ..., T, are n linearly inde-
pendent eigenvectors of B corresponding to distinet eigenvalues pr,. .., py-
Then there are n linearly independent solutions to x’ = Ax, which by the
above theorem are given by

x;(t) = e"'p;(1) (3.51)

where p;{t) is T-periodic. As a result, we can define

X(?(t) = Kiior | Xn 3 P(] (1’) = Pi] {Pa B (352)
e 0 [ et 0

Dy (L) = - . Yot) = 8 , (3.53)
0 Jin 0 ghat

such that

X() = PDYO) Y:) = DUYU' (354)

Now consider what happens if p < 0. Suppose p < 0 real, so that we can
write

p= RUSEE {3.55)
where
g —e {3.56)
Then we obiain
x(t) = e*p(1) (3.57)
s et T {3.58)
= e"tq(t), {3.59)

where q{{) has period T since p(t) has period 1°. Since we can choose x
t0 be real, without loss of generality, we can also choose g to be real. For
the general solution, if p; < 0, we can replace p; with q; and gy with v so
that

e.'JIT 0
Poe= |- || [Paf i, Yo= e’ (3.60)
0 e,!.c,l'.l'
and
Ko(t) = Pp(@)¥oll). (3.61)



v. Suppose now that p is complex. Then since p is an eigenvalue of the real

[TE=RTRN TS p(t) == q{t) + ir{t)

(3.62)

where g(t) and r(¢) must both have period 1" since p(t) does. Since x(f) =
eitp(t) is a solution fo %' = A(£)x, then by taking the complex conjugate,

50 is %(1) = MH(L). We can write these ay
x{t) = O (g(8) - ir (1))
= e"* [{qeos (o1) — vsin (at)} + i {r cos (o) - qsin {o1))]
arnd
(1) = e (qft) — ix(1))
= e [(q cos {ot) ~ rsin (al)) — (v cos (o) + gsin (of))].
We can alternately write the linearly independent real solutions

xp = Re [e*'p(1)] = ¢ {cos (at) q{t} — sin (al) r()],

Xn:-:: {xl IR 'Y A RERN b ,

Po= | [p1| (4] |¥ ~-{an,

[ emT 0

e"teos (ot} e sin{ol)

Yo = —c"sin (o1) ¥ cos (o1)

0 . e,uﬂ',l‘ |
and
Ko(4) = Po{t)Yol1).
3.1.1  Example

TFor example, consider

; 203 (1)
wy = (102088 3y
1 ( i 2 - sin (1) o

Ay m oy — an.

o
fea )

(3.63)
(3.64)

(3.65)
(3.66)

(3.67)
(3.68)

(3.60)

(3.70)

(3.71)

(8.72)

(3.73)
(3.74)



Here, we know that the solution is in general

w1 = cret (24 sin (1)) {3.75)
1 i
Ty = et (2 +3 sin (£) — 5 oo (L)) - epet {3.76)

which we can write as

x = et ‘ 24 sin{t) ‘ 4 eget
TP 29 dsin (1)~ S eos (3) At

: ) ] . (3.77)

Using all the above definitions, the fundamental matrix is
el 3

X(t) = [ et (2 —!—(Ziflj(z‘s)m(?)(os(t)) PO’ J (3.78)
s0 that
B = X 70X (27) (3.79)
o g g

IR -
5l o] S (351)
[ ‘”8” ef’.zﬂ ] (3.82)
As aresult g = e*F py = 7% and so gy = 1 and e = -1, Theorem 3.4 then

tells us that there is a solution of the form
x1{} = e'py (1), x2{l) = ¢ 'pall) (3.83)

where p1{t} and py(t) are periodic with period 2a. We know that in fact
00 (1) = 2 4-sin {t) ] oo (1) = 0 (3.84)
PR = 1 o g Lo () — Leos(t) | baler =14 |- <

3.1.2 Periodic Solution

Consider a problem of the form x' = {(x) with x & " where there is a periodic
solution x(1) = ¢(t) with period ¥ Linearise the solution about ¢ by writing
x =2 ¢p 4 v, We then obtain

v = A(t)v {3.85)

G

where A(1) is the Jacobian of f (80 Ay{l) = i d(i)). Since ¢(t) has period



Now by definition,

#'(1) = £(6(1)) (3.86)
$0-
SO= gl S0 (3.87)
B (1) = At)¢'(2) (3.88)
If we let v = ¢, then
vi{t) = ALt (3.89)

where, since ¢{t) has period T by assumption, v{{) must also, and so the corre-
sponding characteristic multiplier is 1. As a result, for a nonlinear system with
a periodic solntion, one characteristic multiplier is always p = 1.

3.2 General Results for n = 2
3.2.1 Stability of Periodic Solution

Consider a problem of the form %’ = {(x) with x € ®? where there is a periodic
solution x(t) = (¢} with period 7. We know from §3.1.2 that we must have
m =1 and we know from theorem 3.3ii that

P
P12 == EXp (f tr{A(s) ris) {3.90)

0
o
Py = ExXp (fu tr (As)) ds) . {3.91)

From remark (ii) on page 53, we know that for the perturbation to be hounded
and hence for the solution to be stable, we must have g €1 and py < 1 and
s0, since we Jnow gy == 1 and we wish py and pp to be distinct, we must have

.
0 >/ tr(Afs)) ds {3.92)
0
T ,
(}>/ tr(af’ )ds (3.93)
Jo da; (s}

T - s
0> f (gfi + ‘)fz) ds (3.94)
0 w1 Jg s}
T
0> Vo flg ds. (3.95)
0 :
We get instability when
.
0< Vgl g ds. (3.96)

¢
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3.2.2 Example
Sonsider
n}’ == (:82 -+ y?)
v =wty-y @yt
]JGL
@ = (1) cos {6(1)
= p(t)sin (0(£))

80 that our problem becomes

sin (@) (r — r0) = cos (0) {r —° — ')

cos (B) (r ~ 10"} = —sin (0) (r — v~ 1"}

By squaring and adding these equations, we obtain that
2 : 2
(- r0") = (ro % 0
80 we can write

a =77

sa =1 S

where s == 1. Our equations then become

asin (6) = sacos {#)

which can be rewritten as

asin (0) = sacos (0)

—s*asin (0) == sacos (0)
a0 that we must have

asin{0) = —asin (9)
asin () = .

As a result, we have that
asin(f) = sacos () =0
so thal we must have ¢ = 0. This means that

ool = pd e =

58

(3.99)
(3.100)

(3.101)
(3.102)

(3.103)

(3.104)
(3.105)

(3.106)
(3.107)

(3.108)
(3.109)

(3.110)
(3.111)

(3.112)

(3.113)



We have that
v = (1 -1 {(3.114)

and o we have a solution of constant radiug when v = 0 (the trivial case) and
7= 321, Without loss of generalily, choose » = 1. Then since

8 == (3.115)

we have that 0 = 1, so 8 = { + C. As a result, our solution has period 7' == 2.
Now

a5 8fs

= 2 3.116

N 10

= (1827 ) 4 (1 - a® - 3] (3.117)

= [2—ar?] (3.118)

= -3 (3.119}
g0 that

A
P2 = €Xp (/0 tr (A(s)) ds) (3.120)

2
= oxp (/ -2 ds) {3.121)
Jo

= ™7 (3.122)
< 1. {3.123)

As a result, the limit cycle with radius » == 1 is stable.

3.2.3  Stability of Second-Order ODE
Consider the second-order ODE
2" 4 a(t)w = (3.124)

where a{t} is periodic with period 1" Letting z; = 2 and a, = 2, this can be

rewritien as - ‘
Ty} 0 1 1 o o
l ah J B [ ~aft) © J [ y J (3.125)

By choosing the initial condition

{ ziggg } N [ {J) } (3.126)

we obtain a solution of the form

NG
[ :,]1(])((")) } . (3.127)



Likewise by choosing the initial condition

o=

we obtain a solution of the form
T2
rz:g(:) {t)
2 .
wy (t)

As a result, we have chosen X (0) =1 so that

B = X(T) =

ey W)

Now we have from property () on page 52 that
] 3 pPag

-
P1pz = exp (/ tr {A{s)) (ls)
0

o7
= GXp ( ] 0 ds)
o

and from property (ii) that
Py -k pg e i (B)
= 2N 4 P ).
Let ¢ = tr (B) /2 so that
p1pe =1
P1 b e = 20,
Solving these, we obtain that
ISR
We can rewrite p; as exp{p 17, so that
Mk =0
and so
et ezl = 9g
¢l gt w94
et T g gminT
ey
cosh (717} = ¢.

=¢

Consider the following cases.

60

B0y 2P J

(3.128)

(3.129)

(3.130)

(3.131)

(3.132)

(3.133)

(3.134)
(3.135)

(3.136)
(3.137)

(3.138)
(3.139)
(3.140)
(3.141)

(3.142)
(3.143)



i

I1.

111

Let =1 < ¢ < 1. We can then define o by ¢ == cos (o), where, without
foss of generality, 0 < a7 < 7, s0 that

p=gk/g% -1 (3.144)
= cos (o1} & isin (1) (3.145)
- ghioT (3.146)

As in remark (v} on page 55, we can wrile the general solution as
x(t) = ¢1 Re (7'p(t)) + ez Im (¢"*p(1)) (3.147)

and since [;m] = 1 and Jpo| = 1, then from remark (i1} on page 53, the
solution is stable and pseudo-periodic.

Now ¢'" has period 1 == %’1 Now since ¢ 5 1 and ¢  —1, we must have

o'l' % mm (3.148)
9
3351 £ (3.149)
wo .

e 3.15
i (3.150)

so that 1" 20,7, 27, ..
Note that for T to equal 27", we must have

2w
o =
nd’

(3.151)

for 1 £ 1,2 from above.

mpz = 1, we must have p1 > 1 > py > 0 and pg = 'plf means pg = —pi;.
Qur solution must therefore be of the form

x(t} = c1e g (1) 4 cze M py (L) (8.152)

where p1{t) and pa(t) are hoth periodic with period 7. As a result, the
solution is unstable.

Let ¢ = 1. Then gy = pp == 1. Here, theorem 3.4 only guarantees that
we will have ene solution x{t) of the form e**p{t). If B has two linearly
independent eigenvectors, we can find two linearly independent p; (4) and
Pa(t) so that the two solutions are both in the standard form. However, if
B only has one eigenvector, we will end up with one solution of the fornn
p1{t) (since p = 1 in this case} and the other of the form tp;(£) 4+ pa(t).
To see this, we replace

[ N J (3.153)

0 Az

Gl



1V,

V.

with the Jordan block

Al -
[ 0 A ] . (3.154)
As a result, instead of our solution heing of the form:
) g 0 -
X)) =P{)exp (l 0 A } i‘) {3.15%)
eMit .

SIPOTE 2 Ant
[“e] Pree ] (3.157)

')36’\‘1 1_348A2t
it will be of the form

X(1) = P() exp ({ é ) ]z) (3.158)

M
- P(0) [ ‘ te” ] (3.159)

Q

T AL ).,\{.—7'),)\1.
Pie Pyte o Pae } (3.160)

i p:;CM' ]jstez\t a4 ])46}\1

See the papers by Akhmedov {1] and Wiesel and Pohlen [30].

Let ¢ < 1. Since p = ¢ & /¢* -~ 1, we must have p; < -1 and since
Mmpz =L, we must have oy < —1 < pg < 0and po = }311" means pug = — .

Now we can wrile j = 311 -+ 4y 50 that our solution must be of the form

x(t) = 1 ™ Ty, (1) 4 epe Ve Ty (1) (3.161)
where p; (1) and py{t) are both periodic with period 7" and so "™/ T, (1)
and e/ Tp,(t) are both periodic with period 277 As a result, the solution
is unstahle.
selution which is periodic {this time with period 277,

x1 () = ™ Tp, (1) (3.162)

and the other which grows linearly with time,

xo(t) = L™ p (1) + Y py (1) (3.163)

We summarise these results in figare 3.1, Tor ¢ > 1, we have an unstable

solution of the form

x(1) = creMipy (1) 4 coe” iy (1), (3.164}
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1.5 T ¥ ¥ Ll ¥ v T
1+ T N
0.5+ / ]
= ]
&) !
g 0 & T A i
/
~05} 7
-1t s
15 i 1 £ 1 1 i I
-4 -3 -2 -] 0 i 2 3 4
Re(p)
e ]
& ¢=1
~1<fp<l
¥ ge]
e -]

Figure 3.1: The range of p1, gy for diflerent values of ¢ real. In the vegion ¢ > 1,
the sample point has p = 1/3,3; for ¢ =1, wehave p = 1. In 1 < ¢ < 1, the
sample point shown is p == 2/3 £ iv/5/3; for ¢ = —1, we have p = ~1 and in the
region ¢ < —1, we show p = —1/3, 3.

For ¢ = 1, we have an unstable sohution of the form

x(1) = (c1 - tea) pi () + capa(t). {3.165)
TFor 1 < ¢ < 1, we have a stable psendo-periedic solution of the form
x(1) = o1 Re {e™'p()} + 2 Im (7' p(1)) . {3.166)
For ¢ = -1, we have an unsiable solution of the form
x(4) = {e3 +tea) s (1) + eaqa(). (3.167)
Tinally, for ¢ < 1, we have an unstable solution of the form
x(t} = e1e70qq () + cxe T (t) (3.168)

where p; (1) represents a function that has perlod 77 and g;(t) represents a func-
tion that has period 27T

3.2.4 Application to Hill’'s Equation

Jonsider Hill’s equation
2 4 (bt =0 {3.169)
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where b(t) has period T". H e = 0, the solution is stable, however, there are some
values of § for which the solution is only marginally stable, according fo the
above criteria. As a result, we expect that for ¢ small but nonzero near those
values of §, we will get the beginning of a region of instability. We wish to find
those values of §.

For ¢ = 0, if X(0) = I, then

cos (\/51) -\}E sin (\/St)

X)) = . 3.170
© —/8sin (\/3{) €05 (\/8.’,) ( )
and so
cas (\/5[) A sin (ﬁ])
- VE a1
B oo X = / 3.171
@ 8 sin (\/ 6’1") Cos (\/3!) ( )
As a result,
_w® e .
¢ = 5 08 (\/51) . (3.172)
Il ¢ =1, then
VT = 2min (3.173)
Y2 .
§ (Zmﬁ) (3.174)
where 2 I8 a positive integer since V&> 0. I ¢ = —1, then
Vi = (2m+ D (3.175)
N2 o 1
§ = ((zm + 1)?) . (3.176)

Now we have from the previons section that ¢ = 1 corresponds Lo the existence
of a periodic solution of period 1" and ¢ = —1 corresponds to the existence of
a periodic solution of period 277, As a result, we will have the horder between
stability and instability breaking off from ¢ = 0 at

§= (m%)z (3.177)

corresponding to solutions with period 1" and breaking ofl from ¢ = 0 at
N2
§ ((zm +1) 7]?) (3.178)

corresponding to solutions with peried 277
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3.3 Stability Boundary of Mathieu’s Fquation

3.3.1 Undamped Case

We have from §3.2.3 and §3.2.4 that on the edge of the region of stability, we
have cither ¢ = 1 or ¢ == —1. The former corresponds to the existence of a
periadic solutior: with period " and the latter o a periodic solution with period
2T, In order to determine the region of stability of the Mathieu equation in
the é-¢ plane, we then need to determine the conditions on & and ¢ required in
order to have a solution which is periodic with either period # or 2. We follow

McLachlan [17} and Waxd 128).

Funetions of Period »
We can write a general function of period  as
[#¢] (&)
@ = Z gy cos (2nd) -+ Z by sin {20t) .
n={) |
We then obtain

O=2"+ (0 +ccos(2))

o cQ
0= }: (8 — 4n?) @y, cos (2nt) + 3 (6 — 4n?) by, sin (2n£)
=0 a1
o0 o
+e Z ay, o8 (2nt) cos {22) +-¢ z by, sin (2nd) cos (2¢) .
12l e

Using the identities

1 .
5 (cos (A~ B) + cos (A -+ 15))
sin (A) cos (B) = % {sin (A — B} +sin (A + 13))

cos {A)cos (B) =

this becomes

[ [eo]
0 s Z (8 4n®) @y cos (2nt) -+ > (6 — 4n®) by, sin (2nt)
==l L
¢ [s1e]
- 5 Ny, (008 (2{n + 1)) + cos (2(n - 1))
e

by, {sin (2(n + 1)) + sin (2(n — 1))

o
b M 8

1]
—

&b

(3.179)

(3.180}

(3.181)

(3.182)

(3.183)

(3.184)



and so we must have

oo

0= Z (& — 4n®) ay cos (2nt)
=i
5 %‘0 thy, {0s {200 -+ 1)t} + cos (2(n — 1)¢})
. ¢ ¢
0= (éa-n + 5@) cos (0) <4 ((5 —4)a; + 3 (2ap -+ ag)) cos (21)
(]
| nz_;((é A*) @ 5 (G G-n-l-l)) cos (2nl)
and
0= z (8 — an®) by, sin {2nt)
LB |

+ 73 i by (sin (201 1)E + sin (2(n — 1)2))
0 = ((5 e 4) by -+ %bg) sin (20)

- Z ((5 — 4?1.2) by, - ;; (U ot bﬂ,.*.l)) sin (2nd) .

n=md

By orthogonality of the sine and cosine, these can be rewritlen as

. 0
0 g
0 6§42 < o
0| .. £ §eed .22 £ a
o £ 0-4-3 g 4
K |
and
12 :
-0 §d1 < | 0 b,
0] s § o492 £ by
01~ £ G432 g by

(3.185)

(3.186)

(3.187)

(3.188)

(3.189)

(3.150)

In order o have a non-zero solution, the determinant of al least one of these
(infinite) mairices must be zero. This gives us the requirement that ¢ and §
must satis{y in order to he on the borderline between stability and instahbility,
We can approximate the determinants of these matrices by the determinants of
the finite n x » matrices of the same form. The resultant curves in the d-¢ plane

for different values of n are shown in figure 3.2,
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Figure 3.2: The approximation to the border of the region of stability of the
Mathieu equation (determined by equations 3.189, 3.180, 3.198, 3.199) where
each infinite matrix is approximated by its n X n counterpart,
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Functions of Period 2w
We now perform a similar analysis for functions of peried 2x. We can write a

reneral function of period 27 as

s }_J ity €08 (128} Z by sin (nt) (3.191)

RE

We then remove from this all the terms which alse have period # since we have
already dealt with those. 1f we included them, we would obtain the lines in the
§-¢ plane where we obtain solutions thal either have period # or have period

2m. As a result, we have

@ L ay, 008 {nt) L by, sin (nd) (3.192)

==l ol
n odd n mid
so that we obtain
0=2a" 4 (§ +ccos (2)) = (3.193)
o oo
0= Z (5 R ) @y cos () 4 L (6 —n ) by, sin (nt)
o o
(e 9] O
=
4 e L ay cos {nt) cos (24) L by, sin {nt) cos (2t) (3.1694)
ok o
(.X.‘ fae)
0 = Z (6—n Y ay cos (nt) + L (6 - nz) by, sin (nt)
Te==) n==1
n add

w odd

P Ceos ((n+ 2)0) 4 cos (- 2)0)

IS

s

)
n odd

T i By, {sin ((n 4 2)1) 4 sin {{n — 2)8)).

2

(3.195)

1=}
1t odd

We must then have

0 == i ((5 -~ 1ya; + "; (ay + (13)) cos (1)

=l
7o o

o
Z ( Yy = 3 ((Ln 24 a,”;)) cos (ni) {3.196)

Tl
1noodd
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and

fae] . .
0= S ({5 1) by -k -;i(---bl + bs)) sin (£}
S
3 (=2 bt 5 (B b)) sin (1) (3.197)

which we can wrile as

0 5174 & £ 0 a

0 £ §-3 s

g | = < 5 52 < i (3.198)
0

and

2 C £

O R 5 3 0 bl

0 & §-3 4 by .

R ¢ §o5t s by {(3.199)
0

As before, in order to obtain a nonzero solution, we must have the determinant
of at least one of the matrices being zero. This constraing § and ¢
The resultant region of stability is shown in figure 3.3

3.3.2 Undamped Case with ¢ small

Consider now when ¢ is small. We have from §3.2.4 that for ¢ small, we wil}
have the border between stability and instability near

§ = (2m)* (3.200)
and .
§=(2m+1). (3.201)
As a result, we seek periodic solutions near § = n? to the equation
&b (8 4 ccos {20 a = 0. (3.202)
Let
x5 mo{l) + ey (1) 4+ P () 4., (3.203)
§=n?% ey - 28 ... (3.204)

Go



Figure 3.3: The region of stability of the Mathieu equation.

Substituting these into Mathien’s equation, we obtain

aph + nluy =0 (3.205)
&y 4 niay =~z — g cos (2L (3.206)
ah + 2y == iy — Samg — @1 cos (28] (3.207)

For n # §, the solution to equation 3.205 is
wp = acos (nd) -+ bsin (nt) . (3.208)

inserting this into equation 3.206, we obtain

al b nay = Gy - wo cos (2t) (3.209)
= =8 (@ cos (nt) - bsin (ni))
— {a cos (nt) + bsin (nd)) cos (2t) {(3.210)

|

= —diacos (nt) — dibsin {nt)
% cos ((n 4 2)8) — % cos {(n — 2)1)

.,

- —;—sin ((n+2)t)— gsin {(n-—2)1) {3.211)

Under the assumption that » 5 1, in order to eliminate secular terms, we must
have

~d1a =0, ~8ib = 0. (3.912)

0



As a resull, in order to avoid 2y being the zero solution, we must have dy == 0.
We then have

2 4 nfmy = % cos {(n+2)1) — g cos ({n—2)1)

b b
- g sin{(n4-2)£) - é sin (0 — 2) 1) (3.213)
Letting
fee)
Ty == Lci sin () + & cos (it), (3.214)
=0
this becomes
(=51 [e24]
- Z e sin (5) 4+ dyi? cos (i) -+ Z enPn? sin (i) + din? cos (i)
i i=0

= -~~g cos ((n+2)1) — %{’.os ((r—2Y0)
- g—sin {((n+2)t) - gsin {(n-—-2}0). (3.218)

Equating coeflicients of the sines and cosines, we obtain that

b G 9 oy
Cpomgy = gﬁﬂ"ﬁ, dpo = W (3.216)
b G

dn-{-Z = (3'217)

We can assume that all the sin (nf) and cos {n) component is already in @, so

we can choose ¢, = 0, d,, = 0. All remaining ¢; and d; are zero. As a result,

a0y = B sine ({(n — 2) 4} 4

8{~n-+1) sin{{n +2) ¢}

b
"% {re+1)
cas ((n - 2) ) + 8_(7;]—75

Finally, inserting this into equation 3.207, we obtain that

a 93, g«
" FyE— cos{{n-+2)1). (3.218)

a4 n2ay = 8y {acos (nt} + bsin (nt))
b . .
R TYE—— {sin (nt) + sin {{(n — 4} 1)}
""" 1 '(';"(';{‘)‘:I:B (Si]l ((TI e 4) i) 4 sin (?lﬂ))
a

T {cos (nt) 4- cos ((n — 4) 1))

T ‘+ o) (cos ((r 4 4) ) 4 cos (ni}) . (3.219)
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Under the assumption that » 3 2, in order to eliminate the secular terms, we
must have

@ Q@

0= — 3.99
020~ Ty T W6 (A ) (3.220}
b b
0= —8zb — — , 3.
T+ 16(n+1) (3.221)
which can be rewritten as

0 —aid . (3.222)

N 8(n2 -1/’ e

1

( o e e rr——— i ‘r l: Iy X

4} b (62 Sl -1 )) {3.223)

As a result, in order to avoid a nonzero zp {t.e., making sure that we don’t
simmltaneously have a = 0 and b == (), we mus$ have
1

52 o m—'

(3.224)

Casen =2

In the case n = 2, eliminating the secular terms in equation 3.219 tells us that

o a
0 = Sy 5 _;8 , (3.225)
b
0 = Byl — G el (3.226)

which become

) 5
0= a (az . *) , (3.227)

48
= b1 8s 4 L (3.228)
= Ty R 3.
As a result, for n = 2 we must have either
a=0 PR (3.229)
] 2 48 dadat
or
b=10 d 2
h = {), 2= oo {3.230)
As a result, for n = 2, we either have
—a-2t o (%) (3.231)

48

T2



or

N 2 B 3 P
§=dbmt O(S) (3.232)
We also have either
a == bsin (240) + (2% sin (4t) - O (%) (3.233)
o a
x == aeos (20) + ¢ (—g + 5y cos (4:’,)) + 0 (6%), {3.234)

which both have period n, as expected.

Case n =1

In the case n = 1, eliminating the secular terms in equation 3.211 tells us that

0= —Sya : (3.235)
0= —d1b ";“ (3.236)
and so we must either have
. 1
b= s b=10 (3.237)
or
1 .
(51 =Ty a =\ (6238)
2
In either of these cases, equation 3.211 becomes
b
af 4@y —-;E cos (3t) — ;Zisin (31). (3.239)
As before, we et
fe el
Xy == Zc.,» sin (4t) 4- d; cos (it) (3.240)
el
and find that
b I
g = o = 3.241
AT =15 (8.241)
As 2 result,
Ty == b sin {3t) - L cos (3t) (3.242)
AT 16 o
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Then equation 3.207 becomes

af Fam = 0 ( b sin (31) + — cos (ST))

1(
— 8y (@ cos (1) 4 bsin (1))
; (TIG s (31) + - con (i%t)) cos (20) (3.243)
1 (I% gin (3¢) + ]{"(; cos (31)) = dgacos () -~ dabsin (1}
5{2« sin (¢} -~ 3% sin (51) ~ E(LE cos {t) — SHE cos (51}, (3.244)

In order to eliminate the secular terms, we must have

1
3.245
0 = (62 + 32) (3.245)
J Er i3 1]
(= —b (bz + 32) (3.246)
As a result, dg == —1/32, so that either
1 1 .
ol —es —e 35-;-()( *) (3.247)
or ] .
We also have either
x = acos(t) -+ (-}% cos(3t) 4 O {*) (3.249)
or b
2 = Dsin(t) + “Tg sin{3t) - 0 (%), {3.250)

which are periodic with period 2w, as expected.

Case n =0

In the case n = 0, we get
2o = a4 bl (3.251)

Now we expect a periodic solution, so b == (). As a result, equation 3.266 becomes
@) = —dra - acos (2t). (3.252)

In analogy with before, when we eliminated secular terms, we must have & =
Ly

As a result, we have
ay = - cos (21) (3.253)
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Figure 3.4: The quadratic approximations to the boundary hetweon stability
and ingtability of the Mathieu equation, in compatison with the approximation
from §3.3.1, with n = 20.

80 thai

@y = %cos (21) (3.254)
and equation 3.207 becomes
I
al = dya - -é cos (2¢) cos (26) (3.255)
5 —=fingl - % %cos {41) {3.256)

so that we must have

1
0= (52 N g) _ (3.257)

g0 that g == —1/8 and

Pt
§ ) — o (3.258)
8
with a
T =@t g cos (20) 4+ O (%), {8.259)

which is again periedic with peried =, as expected.
These approximations to & (¢) for ¢ small are compared to the approximation
in the previous section {which is valid for both small and large ¢) in figure 3.4.



3.3.3 Damped Case

We foliow Richards [24]. Our equation is

2" 4 ka' 4 (8 + ccos (2)) @ = 0. (3.260)
if we lot .
y(1) = e=ta(l), (3.261)
we obtain that
v 4 (e ccos(20))y =0 {3.262)
where
.k )
o - R {3.263)

Now equation 3.260 isn’t of the forn of egquation 3.3124 (§3.2.3), but equation
3.262 is. As a result, we know that the solution to eguation 3.262 is of the form

g(t) = eF (1) 4 ey (i) {3.264)
where pep and gy satisly
P s o gk B — 1 (3.265)

where ¢ is half of the trace of B for 4(t) above when we use the initial conditions
X(0) = L. As a result, the largest p (the one most lkely to canse instability)

satisfics
e_mr = p = r]f) o \/qui—_{ (JQ()())

50 that

g = In ((j) + /P2 - ],) ‘ {3.267)

e = cosh ™ () (3.268)
oyl ]

Jo= E(-):E]—;;m—(@ (3.269)

Now fir order for £{t) to be stable, we must have

0> Re (,‘,L ;i—) (3.270)

é > Re (1) (3.271)

with p as above. This can be used to numerically determine the stability of the
damped equation. The result for k == 0.2 is shown in figure 3.5.

3.3.4 Damped Case with ¢ small

Consider the damped Mathieu equation

2" + kz' 4 (8 4 ecos (21)) w = 0. (3.272)

6
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