
Math 400 Outline
Section 101, Fall, 2012

Instructor: Brian Wetton, wetton@math.ubc.ca, www.math.ubc.ca/˜wetton

Focus: This class concentrates on analytic methods to solve partial differ-
ential equations (PDE’s) coming from physical applications.

Topics:

1. Review: linearity; ordinary differential equations; wave, heat and
Laplace equations; separation of variables. Introduction to: maxi-
mum principle; D’Alembert’s solution; scaling and non-dimensionalization;
well-posedness; weak solutions; asymptotic methods; numerical
methods.

2. Classification of equations

3. Linear and quasi-linear first order equations, shock waves

4. Eigenfunction expansions and Sturm-Liouville theory

5. Parabolic (heat), elliptic (Laplace) and hyperbolic (wave) equa-
tions

6. Solution by integral transforms

Text: No required text. Optional text: “Elementary Applied Partial Differ-
ential Equations,” by Richard Haberman. Handwritten notes for the
course will be posted online.

Marks: 50% final, 20% midterm (Friday, October 19), 30% assignments.

Assignments: Challenging weekly assignments. Assigned Fridays, due Mon-
days (after ten days). Late homework will not be accepted after solu-
tions are posted.
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MATH 400, Fall 2012, Wetton
Assignment #1 - due Monday, September 17

Part A Routine questions

1. Review of linear constant coefficient inhomogeneous problems. The solu-
tion u(t) to the inhomogeneous ODE

u̇ + 2u = f(t)

with initial conditions u(0) = 0 is given by the integral formula

u(t) =
∫ t

0
e−2(t−s)f(s)ds

(an example of Duhamel’s Principle). Derive this formula.

2. Review of the Method of Undetermined Coefficients. Find the analytic
solution (not in series form) for the boundary value problem for u(x):

u′′ − u = xex

with boundary values u(0) = 1 and u(1) = 0.

3. Review of Newton’s Method. Find the smallest positive root of

f(x) = tan x− 2x

using Newton’s method. Describe how you chose your initial estimate
of the root. Show the iteration formula you obtain and the list of
iterates starting from your initial estimate.

4. Review of Linear Systems. Find the inverse of the matrix

A =

 −2 1 0
1 −2 1
0 1 −2


Use Gaussian Elimination by hand, although you can check your answer
with MATLAB afterward.



5. Review of Eigenanalysis. Find an orthonormal basis of eigenvectors of the
symmetric matrix

B =

 −2 1 1
1 −2 1
1 1 −2


6. Linear, constant coefficient, homogeneous ODE solutions. Let u(t) be a

three component column vector at every t. Write the general solution
to the ODE system

u̇ = Bu

where B is the matrix from the previous question. Additionally, what
is the solution to this problem with initial conditions u(0) = [1 0 0]T ?

7. Review of Fourier Series. Consider the function f(x) = x(1 − x) on the
interval x ∈ [0, 1]. Find the sine series coefficients of this function. Plot
(using for example MATLAB, excel or octave which is freely available
online) the graph of the original function with superimposed the graph
of the sum of the first three nonzero terms of the sine series.

8. Consider the general, quasi-linear third order ODE for u(t):

d3u

dt3
= F (t, u, u̇, ü).

Reformulate this ODE as a first order system.

Part B. More difficult questions.

9. Consider the ODE system for u with two components

u̇ = Au + f(t)

where

A =

[
−2 1
1 −2

]
and u has initial conditions u = 0. Analogously to the formula in
question # 1, an integral formula for the solution can be derived of the
form

u(t) =
∫ t

0
B(t− s)f(s)ds

where B(t) is a 2× 2 matrix. Find the entries of this matrix. (Another
example of Duhamel’s Principle)



10. Consider the boundary value eigen-problem for u(x) given below(
(1 + x2)u′

)′
= λu

with homogeneous boundary conditions u(0) = 0 and u′(1) = 0. Show
that all eigenvalues λ must be real. Do not try to find the eigenvalues
of this problem. Hint: It is the same underlying argument as is used
to show that eigenvalues of symmetric matrices must be real.
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MATH 400, Fall 2012, Wetton
Assignment #2 - due Monday, September 24

Part A Routine questions

1. Consider the following heat equation problem for u(x, t):

ut = uxx + f(x, t)

for t ≥ 0 and 0 ≤ x ≤ 1 with initial conditions u(x, 0) = u0(x) and
boundary conditions u(0, t) = b0(t) and u(1, t) = b1(t). Write the
solution of this problem as a sum of solutions of four problems each of
which involves only one of the four data functions f(x, t), u0(x), b0(t)
and b1(t). You do not need to solve the four problems you specify.

2. Consider the problem in question #1 with u0, b1 and b2 identically zero, so
only f(x, t) nonzero. Write a series solution for this problem. Note that
the series coefficients will be integrals of f(x, t) multiplied by functions
of x and t that are to be determined. Hint: Write u(x, t) as a sine
series in x with coefficients that depend on t.

3. For the problem in question #1, consider the data functions to be smooth
(infinitely differentiable) for all x and t. What necessary conditions on
the data must be satisfied for the solution to be continuous at (0,0) and
(1,0)? What further conditions on the data must be satisfied for the
solution to have continuous first partial derivatives at these two points?
The necessary conditions you give can be shown to be sufficient, but
you do not need to prove this.

4. Consider the two-way wave equation with constant speed c > 0

utt − c2uxx = 0

Write the form of D’Alembert’s solution in this case.

5. Consider the one-way wave equation for u(x, t) for t ≥ 0 and x ≥ 0

ut + ux = 0

with initial data u(x, 0) = u0(x) given for x ≥ 0 and boundary data
u(0, t) = f(t) given for t ≥ 0. Write down the solution u(x, t) in terms
of the data u0 and f . Note that there will be an “if” statement in your
solution.



6. Consider the problem in the previous question where the region of interest
is reduced to 0 ≤ x ≤ 1. Discuss why arbitrary boundary data u(1, t) =
g(t) cannot be added to the specification of this problem.

7. Consider the two-way wave equation

utt − uxx = 0

for t ≥ 0 and all x with initial data u(x, 0) = 0 and ut(x, 0) = u1(x).
Find the solution of this problem. Note that it will involve the anti-
derivative of u1.

8. Consider the two-way wave equation

utt − uxx = 0

for t ≥ 0 and x ≥ 0 with initial data u(x, 0) = u0(x) and ut(x, 0) = 0
for x ≥ 0 and boundary data u(0, t) = 0 for t > 0. Write the solution
of this problem in terms of u0(x).

Part B. More difficult questions.

9. Consider the one-way wave equation for u(x, t)

ut + ux = 0

Consider the alternative coordinates η = x + t and ξ = x − t. Using
the chain rule, write the equation above in terms of these coordinates.
Repeat this exercise for the two-way wave equation

utt − uxx = 0.

10. Consider the two-way wave equation for u(x, t), t ≥ 0 and all x with
piecewise constant speed:

utt − uxx = 0 for x ≥ 0

utt − 4uxx = 0 for x < 0.

At x = 0, u and ux are continuous. Data u0(x) is given for x ≥ 0.
u(x, 0) = u0(x) for x ≥ 0 and u(x, 0) = 0 for x < 0. ut(x, 0) = 0 for all
x. Write the solution for all x for t > 0 in terms of u0(x). There will
be several cases.
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MATH 400, Fall 2012, Wetton
Assignment #3 - due Monday, October 1

Part A Routine questions

1. Consider the following heat equation problem for u(x, t), 0 ≤ x ≤ 1 and
t ≥ 0:

ut = (a(x)ux)x

u(x, 0) = u0(x) and boundary conditions u(0, t) = 0 and u(1, t) = 0.
The function a(x) is discontinuous at x = 1/2 and the equation above
is satisfied for x 6= 1/2. At x = 1/2, the values of u and aux are
continuous. Show that this problem has a maximum principle, that is
that

u(x, t) ≤ max( max
x∈[0,1]

u(x), 0)

for all x and t.

2. Consider the following problem for u(x, t), 0 ≤ x ≤ L and t ≥ 0:

ut = −C1u− C2u
4 + C3[ux]2 + C4uxx +Q

where C1, C2, C3, C4 and Q are positive constants with appropriate
units. Non-dimensionalize the equation to make it as simple as possi-
ble. There will still be some dimensionless parameters in the resulting
equation. Note: This is an equation I just made up for this assignment,
it has no physical meaning that I know of.

3. Consider the problem above with boundary conditions ux = 0 at x = 0
and x = L. Show that there is a unique, positive constant (for all x
and t) solution to this problem. Linearize the equation around this
constant state.

Part B. More difficult questions.

4. Consider the heat conduction problem with discontinuous parameters as
discussed on pages 6 and 7 of part II of the posted course notes. Show
that conditions (6) and (7) are physically correct in the sense that they
can be derived from the limit of solutions of problems in which the
coefficients vary smoothly over an interval of width δ and that width



goes to zero. It is not necessary to be completely rigorous but carefully
state any assumptions you make on the solutions and their behaviour
in δ.

5. Consider the coupled, nonlinear wire wave equation derived on pages 7-9
of part II of the posed course notes. Consider the case where a weight
is attached to the wire. Model this weight as a point mass m at s = s∗.
Equation (8) of the notes will apply at all points s 6= s∗. Describe the
conditions at s = s∗ that describe the motion of the attached weight.
As in the notes, you may neglect gravity.
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MATH 400, Fall 2012, Wetton
Assignment #4 - due Wednesday, October 10

Part A Routine questions

1. Consider the following PDE for u(x, y):

4uxx − 4uxy + uyy + 4ux = 0.

Determine whether the problem is elliptic, hyperbolic or parabolic.

2. Consider the following PDE for u(x, y):

2uxx − 3uxy + uyy = 0.

Determine whether the problem is elliptic, hyperbolic or parabolic.
What change of variables would take the equation to its standard form?

3. Consider the following problem for u(x, t), t ≥ 0 and all x:

ut + x2ux = 0

with initial conditions u(x, 0) = 1/(1 + x2). Find the solution u(x, t).

Part B. More difficult questions.

4. Consider the following equation for Φ(x, y):

(1−M2
x)Φxx − 2MxMyΦxy + (1−M2

y )Φyy = 0

where Mx = Φx/a and My = Φy/a and a is a given positive constant.
Show that Φ = V x with V constant satisfies this equation. Linearize
the equation about this solution. Determine whether the resulting lin-
ear equation is elliptic, hyperbolic, or parabolic. Note: your answer will
depend on |V |.

5. Consider the characteristics for the problem

ut + a(x, t)ux = 0.

These are curves x(t) that satisfy

ẋ = a(x, t) with x(0) = s.



We can consider characteristics over a range of s, x(s, t). Assume that
the given function a(x, t) and ax and at are continuous and bounded
for all x and all t ≥ 0. It can be shown that x(s, t) exists for all s and
t ≥ 0 and is differentiable (you may take this fact as given). Show the
following:

• For every point (x, t) with t > 0 the value of x can be written as
x(s, t) for some s. That is, every point is crossed by a character-
istic.

• Show that for every fixed t, x(s, t) is an increasing function of s.
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MATH 400, Fall 2012, Wetton
Assignment #5 - due Monday, October 15

Part A Routine questions

1. [Review of phase plane] Consider the following autonomous ODE system
for x(t) and y(t):

dx/dt = y and dy/dt = x

Make a phase plane diagram of the velocity vectors (y, x). Sketch some
trajectories (solutions) of the system.

2. [Review of equilibria for autonomous systems] Consider the following au-
tonomous ODE system for x(t) and y(t):

dx/dt = x− x2 + xy and dy/dt = xy.

Note that x = 1, y = 0 is a constant solution of the system (an equilib-
rium point). Linearize the system about this equilibrium point. From
the linearization, determine whether this equilibrium point is stable or
unstable.

3. Consider the following PDE for u(x, y):

yux + xuy = xy3

with data given u = s2 on the line segment x = s, y = 0, 1 ≤ s ≤ 2.
Find the solution u(x, y) and the region where it is defined.

4. Consider the following PDE for u(x, y):

yux − xuy = −u

with data given u = es on the line segment x = s, y = 0, 1 ≤ s ≤ 2.
Find the solution u(x, y). Find the region where the solution is defined
(there is a small subtlety here).

5. Consider the following PDE for u(x, y):

uy +
1

1 + x2
ux = −u.

Consider data given on lines through the origin y = cx. For what
values of c do the lines satisfy the data and characteristic compatibility
condition (notes IVa, top of page 10) for all points on the line?



6. Consider the following Cauchy problem for Burger’s equation:

ut + (
1

2
u2)x = 0

with u(x, 0) = 1/(1 + x2). Find the time t∗ of singularity formation,
that is the first time at which the solution is no longer differentiable.

7. Show that u(x, t) ≡ U (that is, u = U for all x and t) with U constant
solves Burger’s equation. Linearize Burger’s equation around this con-
stant solution.

8. Consider the following problem for ρ(x, t):

ρt + (f(ρ))x = 0

where f(ρ) = V ρ(1−ρ/R) where V and R are given positive constants.
Scale and non-dimensionalize this problem.
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MATH 400, Fall 2012, Wetton
Assignment #7 - due Monday, October 29

Part A Routine questions

1. Find the general solution of the Riemann problem for Burger’s equation.
That is, solve

ut + (
1

2
u2)x = 0

with initial data

u(x, 0) =

{
ul if x < 0
ur if x > 0

for any constant values ul and ur. Hint: Just like we saw in class, there
are separate cases depending on whether ul < ur or ul > ur.

2. Use the results of #1 above to sketch (in the x− t plane) the solution of
the problem:

ut + (
1

2
u2)x = 0

with

u(x, 0) =

{
3 if |x| > 1
−1 if |x| < 1

3. Solve the general Riemann problem for the traffic flow model

ut + [u(1− u)]x = 0

4. As defined in question #1, solve the general Riemann problem for

ut + (u4)x = 0.

5. Find an analytic formula to the solution to Burger’s equation with initial
data given below up to time t = 2.

u(x, 0) =

{
1 if 0 < x < 1
0 otherwise

Hint: Up to time t = 2 this is just two Riemann problems (one shifted
from x = 0 to x = 1) that do not interact.



6. In problem #4 above describe in words what happens to the solution for
t > 2. Draw a sketch of the solution, showing characteristic lines and
any shock locations in time.

Part B More challenging questions

7. Consider the Riemann problem for the following conservation law:

ut + (u4 − 2u2)x = 0

with

u(x, 0) =

{
ul if x < 0
ur if x > 0

Find the solution of this problem for two cases: ul = 0, ur = 2 and ul =
2, ur = 0. Note: The flux function in this case is not convex and this will
make the solution for one of the cases above more complex. In that case,
the solution will be a combination of a shock wave and a rarefaction.
Any shock waves introduced must satisfy the Rankine-Hugoniot and
Lax Entropy conditions. Hint: It may be helpful to consider the initial
data smoothed out as we did in class when rarefaction waves were
introduced.

8. In class notes we considered the following problem:

ut + (
1

2
u2)x = 0

with
u(x, 0) = e−x2

.

We showed that a shock would form at a specific time and location.
Consider the shock curve X(t) that starts here and assume no other
shocks form (true in this problem). Find an ODE for X(t) (it is OK to
have an implicitly defined right hand side). How does the shock curve
behave as t →∞?

Bonus: Continuing #8, calculate X(t) numerically using your ODE and the
known point of shock formation as initial data. Describe your numerical
approach in words and show your results.
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MATH 400, Fall 2012, Wetton
Assignment #8 - due Monday, November 5

Part A Routine questions

1. Find the eigenvectors and eigenvalues of the following Sturm-Liouville
problem for φ(x) for x ∈ [0, 1] with φ(0) = 0 and φ′(1) = 0

φ′′(0) = λφ.

For this problem, show that there are no eigenvalues with λ ≥ 0. Do
this problem carefully as it will be used in many of the subsequent
problems.

2. Use the results of #1 above write a series solution to the problem for u(x)
given below

u′′ = f(x) with u(0) = 0 and u′(1) = 0

where f(x) is a given function. Your series will have coefficients that
involve integrals of f .

3. Use the results of #1 above write a series solution to the problem for
u(x, t) given below

ut = uxx

u(0, t) = 0 and ux(1, t) = 0 for all t (boundary conditions)

u(x, 0) = u0(x) for 0 ≤ x ≤ 1 (initial conditions)

where u0(x) is a given function. Your series will have coefficients that
involve integrals of u0.

4. What is the slowest decay rate in the problem above? How does it compare
to the slowest decay rate in the problem in which the right boundary
condition is replaced by u(0, t) = 0 (in this case, the decay rate is −π2

as shown in the lectures). Describe briefly (one or two sentences) why
you expect the change you see in the slowest decay rate between these
two cases.



5. Use the results of #1 above write a series solution to the problem for
u(x, t) given below

utt = uxx

u(0, t) = 0 and ux(1, t) = 0 for all t (boundary conditions)

u(x, 0) = u0(x) and ut(x, 0) = u1(x) for 0 ≤ x ≤ 1 (initial conditions)

where u0(x) and u1(x) are given functions. Your series will have coef-
ficients that involve integrals of u0 and u1.

6. Use the results of #1 above write a series solution to the problem for
u(x, t) given below

ut = uxx + g(x, t)

u(0, t) = 0 and ux(1, t) = 0 for all t (boundary conditions)

u(x, 0) = 0 for 0 ≤ x ≤ 1 (initial conditions)

where g(x, t) is a given function. Your series will have coefficients that
involve integrals of g.

7. On your midterm, question B2 involved a left side boundary condition of

u− αux = 0

for the wave equation (on the midterm, the value of α was 1). Describe
a physical situation in which this boundary condition could apply for
α > 0, where u is the vertical displacement of a stretched wire as
derived in the lectures. In this case, ux is proportional to the vertical
component of the the tension force to the right.

Part B More challenging questions

8. Show that if g(x) (independent of t) is taken as the forcing term in ques-
tion #6 above, then as t→∞ the solution tends to the time indepen-
dent solution of question #2 with f = −g.

9. Use the results of #1 above write a series solution to the problem for
u(x, t) given below

utt = uxx + g(x, t)

u(0, t) = 0 and ux(1, t) = 0 for all t (boundary conditions)

u(x, 0) = 0 and ut(x, 0) = 0 for 0 ≤ x ≤ 1 (initial conditions)



where g(x, t) is a given function. Your series will have coefficients
that involve integrals of g. The ideas in Assignment #1, question #9
(variation of parameters) may be useful here.

10. Show that the series solution of #5 above can be written in D’Alembert
form, that is that the series can be rewritten in the form

u(x, t) = f(x− t) + g(x + t)

for scalar functions f and g. Note that the f and g will also be written
as series. Some trigonometric identities are needed here.
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MATH 400, Fall 2012, Wetton
Assignment #9 - due Wed, November 14

Part A Routine questions

1. Consider heat diffusion with homogeneous Dirichlet boundary conditions
in a composite bar of length 1 made of two materials joined together
at the midpoint. Suppose that on the left side cρ = 1 and K = 1
as in class and on the right, cρ = 1 and K = 3/2. Find the µ value
corresponding to the slowest decaying term in a series solution (that
has time behaviour eλt with λ = −µ2). You will need to use a root
finder (or Newton’s method) to find this value accurately.

2. Show how a general second order eigenvalue problem for y(x) of the form

P (x)y′′ + Q(x)y′ + R(x)y = λy

with P (x) > 0 can be written in standard Sturm-Liouville form

(a(x)y′)′ + c(x)y = λb(x)y

with a(x) > 0 and b(x) > 0. Hint: Use an integrating factor.

3. Consider the following generalized Sturm-Liouville problem for φ(x) with
x ∈ [0, 1] that allows φ to be discontinuous at x = 1/2:

φ′′ = λφ

φ′(0) = 0

φ′(1) = 0

φ′(
1

2−
) = φ(

1

2+
)− φ(

1

2−
)

φ′(
1

2+
) = φ(

1

2+
)− φ(

1

2−
).

It can be shown that there are no positive eigenvalues. There is an
eigenvalue λ = 0 with φ(x) ≡ 1. Find the next eigenvalue (negative
with smallest magnitude) and corresponding eigenvector.

4. Show that in problem #5 above, eigenfunctions satisfy∫ 1

0
φn(x)φm(x)dx



when they correspond to different eigenvalues λn 6= λm. There is some
work to do here to handle the discontinuity at x = 1/2.

5. Consider the following diffusion problem for u(x, t) with x ∈ [0, 1]. In this
problem, u(x, t) can be discontinuous in x at x = 1/2.

ut = uxx

u(0, t) = 0

u(1, t) = 0

ux(
1

2−
, t) = u(

1

2+
, t)− u(

1

2−
, t)

ux(
1

2+
, t) = u(

1

2+
, t)− u(

1

2−
, t)

u(x, 0) = 1 for x < 1/2 and 0 for x > 1/2.

Find the first two terms in a series solution to the problem. The results
of questions #5 and #6 above will be useful here. As time t→∞, your
solution should tend to the constant 1/2 for all x. Using your series
solution, sketch a graph of the solution at some intermediate time.

6. Consider a bar of length 1 with constant K = 1 but (cρ)(x) = 1+εex with ε
small. Use homogeneous Dirichlet boundary conditions and initial data
u0(x) = 1 for all x. Approximate the dominant (slowest decaying) term
in a series expansion for this problem using perturbation analysis.

Part B More challenging questions

7. Suppose a long, thin bar of length 1 is made of uniform material but
due to the nature of the manufacturing process the cross sectional area
changes slowly from one end to the other. Assume A(x) = 1 + εx with
ε small. Use asymptotic analysis to determine if the slowest decaying
mode in this bar (with homogeneous Dirichlet boundary conditions)
with ε 6= 0 decays more or less slowly than the uniform bar with ε = 0.
Note: In this case, the perturbation to the eigenvalue begins at order
ε2.

8. Show that for the composite bar problem (length 1, with one material to
the left of x = 1/2 and a different material to the right x > 1/2) with



homogeneous Dirichlet boundary conditions, the µ value corresponding
to the slowest decaying mode of the solution satisfies

π
√

αl < µ < π
√

αr

where αl = Kl/(clρl) and αr = Kr/(crρr) are the thermal diffusivities
on the left and right sides and it is assumed that αl < αr. That is,
the µ value (and so the decay rate) of the slowest decaying mode is
intermediate between the ones for a bar made solely from the left and
right materials.

Bonus: Show that the same fact is true if the division between the two
materials is at any location x∗ ∈ (0, 1).



























MATH 400, Fall 2012, Wetton
Assignment #10 - due Monday, November 19

Part A Routine questions

1. (Review) The following definite integral is not easily done with analytic
methods (might not be possible in terms of familiar functions).∫ 1

0
ecosxdx

Using numerical integration (Trapezoidal rule or Simpson’s rule) eval-
uate the integral accurate to 3 significant figures (error less than 0.05).
Describe how you are convinced yourself the answer you have has the
desired accuracy (this discussion does not have to be mathematically
rigorous).

2. (Cooling of a sphere) Find a series solution u(r, t) for t > 0, 0 < r < 1 to
the problem

ut = urr +
2

r
ur

with initial conditions u(r, 0) = 1 and boundary conditions ur = −u
at r = 1. You may leave the series coefficients in terms of definite
integrals.

3. Find an approximate solution at larger time to the problem above (the
slowest decaying term in the series solution). Your answer should be
in the form

u(r, t) ≈ Av(r)e−ct

for specified function v(r) and constants A and c. In this case, evaluate
the integral for the A value.

4. Consider the following 2D wave equation problem for u(r, θ, t) for t > 0
and 0 ≤ r ≤ 1:

utt = ∆u =
1

r
(rur)r +

1

r2
uθθ

with boundary conditions ur = 0 at r = 1. What are the three lowest
frequencies of vibration for this model? You will need the roots of the
derivatives of Bessel functions provided in the appendix to the notes,
part V.



5. Consider the following 3D heat conduction problem for u(r, θ, z, t) for
t > 0 in a cylinder 0 ≤ r ≤ R and 0 ≤ z ≤ L.

ut = ∆u =
1

r
(rur)r +

1

r2
uθθ + uzz

with boundary conditions ur = 0 at r = R and u = 0 at z = 0 and L.
Scale r and z so that they both lie in the interval 0 to 1. Write down
the equation for u in the scaled coordinates.

Part B More challenging questions

6. Write a series solution to problem 5. Consider the solution whenR is much
smaller than L (a rod). Show that (except during a short transient)
this justifies the approximation of this problem by the one dimensional
problem in z. You will have to investigate some properties of Bessel
functions to give a complete answer to this question.
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MATH 400, Fall 2012, Wetton
Assignment #11 - due Monday, November 26

Note: This is the last assignment that will be collected and graded.

Part A Routine questions

1. Find the Fourier transform of

f(x) =


1 + x if −1 ≤ x ≤ 0
1 − x if 0 ≤ x ≤ 1

0 otherwise

2. Find the Fourier transform of

f(x) = 1/(x4 + a4)

for a real, a > 0. Hint: remember contour integration from Math 300.

3. Consider the following Cauchy problem for u(x, t) defined for t ≥ 0 and
all x:

utt + aut = uxx

where a is a given non-zero constant and initial data u0(x) are given at
t = 0. Find an expression for the Fourier transform in x of u at each
t. From your result, determine if this problem is well posed for a > 0
and separately for a < 0. Justify your conclusion. Note: If the Fourier
coefficients of the solution grow exponentially in time with unbounded
growth rates, the problem is ill-posed.

4. Consider the following vector PDE for u(x, t) and v(x, t):

ut = v + uxx

vt = u + vxx.

Is the Cauchy problem for this PDE well posed? If the problem is well-
posed, determine the maximum growth rate and the minimum decay
rate (if any). Hint: take the Fourier Transform in x of both u and v.



Part B More challenging questions

5. Consider the Cauchy problem for the heat equation in three spatial di-
mensions. That is, consider u(x, y, z, t) for t ≥ 0 and all x, y and z
with initial data u(x, y, z, 0) = u0(x, y, z) satisfying

ut = ∆u := uxx + uyy + uzz.

Derive a Green’s function representation for the solution to this prob-
lem. Hint: Start with a Fourier transform representation in x, y and z
of u at a fixed time.
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Name: Student #:

Math 400 (Wetton) Midterm, Fall 2012

Instructions:

• No notes, no calculators.

• Show all work. Justify your answers.

• Do all five questions in part A, each worth 2 points.

• Do all two questions in part B, each worth 5 points.

• total 6 pages, 20 marks.

part A: do all questions

A1. [2 marks] Determine whether each of the following problems for u(x, t)
is linear, quasi-linear or fully nonlinear:

(a) (ut)
2 + (ux)2 = 1.

(b) ut + [u(1 − u)]x = 0.

(c) x2ut + t2ux = sin(xt).

A2. [2] Write the differential equations for the characteristics for the follow-
ing problem for u(x, y):

(x2 − y2)ux + (x2 + y2)uy + u sin(xy) − ecosx = 0

Do not solve the equations.

1



A3. [2] Consider the PDE for u(x, t) below:

ut + [f(u)]x = 0

where the function f is given. Note if U is a constant, u(x, t) = U for
all x and t is a solution of the PDE. Find the linearization of this PDE
about this solution.

A4. [2] Consider Burger’s Equation for u(x, t) below:

ut +

(
u2

2

)
x

= 0

with initial data
u(x, 0) = ex.

Write the characteristics for this problem. Will shock waves (disconti-
nuities) appear in solutions for t ≥ 0? Justify briefly (mark not awarded
without justification).

2



A5. [2] Scale and non-dimensionalize the following problem for u(x, t), with
x in the interval [0, L] and t ≥ 0:

ρ(ut + uux) = νuxx

where ρ, ν, L and d are given positive constants. Leave as few dimen-
sionless parameters as possible.

3



Part B: do both questions

B1. Consider the following first order PDE problem for u(x, t) for t ≥ 0 and
all x:

ut + xux = x

u(x, 0) = e−x2

(a) [1 mark] Write the differential equation for the characteristics x(t).

(b) [1] Solve for the characteristics x(s, t) starting at every point x = s
at t = 0.

(c) [2] Solve for the solution u(s, t), that is the solution at time t on
the characteristic that started at x = s.

(d) [1] Solve for u(x, t).

4



B2. Consider the following wave equation problem for u(x, t) for x ≥ 0 and
t ≥ 0:

utt = uxx

u(x, 0) = 0 for all x ≥ 0, initial condition

ut(x, 0) = 0 for all x ≥ 0, initial condition

u(0, t) − ux(0, t) = a(t) for all t ≥ 0, boundary condition

where a is a given function for t ≥ 0. It is known that u(x, t) =
f(x− t) + g(x+ t) (D’Alembert’s solution) and that the non-negative
arguments of f and g are zero from the initial conditions. The negative
arguments of f are still to be determined.

(a) [1] Draw a labelled diagram of the PDE problem in the x−t plane.

(b) [2] Write the equation that results when the D’Alembert form of
the solution is put into the boundary condition.

(c) [2] Solve for f(s) for s ≤ 0. Your answer will involve integrals of
the given function a.

5
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Name: Student #: ______ _ 

Math 400 (Wetton) Midterm, Fall 2012 

Instructions: 

• No notes , no calculators. 

• Show all work. Justify your answers. 

• Do all five questions in part A, each worth 2 points. 

• Do all two questions in part B, each worth 5 points. 

• total 6 pages, 20 marks. 

part A: do all questions 

Al. [2 marks) Determine whether each of the following problems for u(x, t) 
is linear, quasi-linear or fully nonlinear: 

(a) ( Ut)
2 + ( Ux? = 1. ~ t'\s\A..JI•ili\L(>V' 

(b) Ut + [u(l- u)]x = 0. ~- QA~ 
(c) x 2ut + t 2ux = sin(xt) . l.,..~. 

A2. [2) Write the differential equations for the characteristics for the follow­

ing problem for u(x , y): 

(x2 - y2 )ux + (x2 + y2 )uy + u sin(xy) - ecos x = 0 

Do not solve the equations. 

~CT) : 



A3. [2] Consider the PDE for u(x, t) below: 

Ut + [f(u)]x = 0 

where the function f is given. Note if U is a constant, u(x, t) = U for 
all x and tis a solution of the PDE. Find the linearization of this PDE 

about this solution. 

~ v.==- U + £ \/(xtt-) -
~(u) ~ rlv) + E ~'(v) v . 

Ut- + L t { 1A)] " ~ 0 ==-) £ "t + (f I ( \)) v '/. :::___() 
Jl.-o JA~ ~ ~ '4 t-f'lu) Vt =-o -

A4. [2] Consider Burger's Equation for u(x, t) below: 

with initial data 
u(x , 0) = ex. 

Write the characteristics for this problem. Will shock wa s ( disconti­
nuities) appear in solutions fort 2: 0? Justify briefly (m8f not awarded 

without justification) . .J. 

~~ A~ Uo(s) ~ eS' So 

X (t-)~ e~f +S· 

sre.e<t M ~ Wl#t ~ ( ~~ es ,es ~oJ 
_4-o ~ ~ WtrVl I f ~ J 1'\.Q) 

.4-k.~ wJ.J ~-

Ndt(,: ~~ ~ 

~M ~p~-~ 

2 

'L<.o (x 1 VII\..~ 
~~. 



A5. [2] Scale and non-dimensionalize the following problem for u(x, t), with 

x in the interval [0, L] and t 2: 0: 

where p, vAL 'f!H4::4 are given positive constants. Leave as few dimen­

sionless parameters as possible. 

1,l~ " u 
~ ~ TT 
-;£-= ~ L 

2 tJ 'J, .. 
T 

V = L- ~ 
T yL -

v,-JL1 \I:J't 

J 
kAt T~ 

~ 

3 



(Cl) 

Part B: do both questions 

Bl. Consider the following first order PDE problem for u(x, t) fort 2: 0 and 
all x: 

Ut + XUx =X 
2 

u(x , 0) =e-x 

(a) [1 mark] Write the differential equation for the characteristics x(t) . 

(b) [1] Solve for the characteristics x(s, t) starting at every point x = s 
at t = 0. 

(c) [2] Solve for the solution u(s, t), that is the solution at timet on 
the characteristic that started at x = s. 

(d) [1] Solve for u(x, t). 

J 

x=-se+, 

'1.{-= ·se-t - s 
Cot ) S z X/e~ ~ (b)

1 

'!). = '/... - Yet + e- ( --J./e{c) 2.. 

4 



! 

(b) 

B2. Consider the following wave equation problem for u(x, t) for x 2: 0 and 
t 2: 0: 

Utt = Uxx 

u(x , 0) = 0 for all x 2: 0, initial condition 

Ut(x, 0) = 0 for all x 2: 0, initial condition 

u(O, t)- ux(O, t) = a(t) for all t 2: 0, boundary condition 

where a is a given function for t 2: 0. It is known that u(x, t) = 
f(x- t) + g(x + t) (D'Alembert's solution) and that the non-negative 
arguments of f and g are zero from the initial conditions. The negative 
arguments of f are still to be determined. 

(a) [1] Draw a labelled diagram of the PDE problem in the x-t plane. 

(b) [2] Write the equation that results when the D'Alembert form of 
the solution is put into the boundary condition. 

(c) [2] Solve for f(s) for s::; 0. Your answer will involve integrals of 
the given function a. 

XI' 
/ 

/ / // t 
'U:::.o ~::..o 

I \., 

.Nvvt't·;~ ~·~ 

'Ll = f: ( 't- +) + 9 ( -t f-'f-) 1A. l ~, o) = F' ( -t ) 1- g l t ) 

1.(_-,_ ~ f- 1 
(..,_ --t) t-~ I ( ~ r{-) 'U,..l 'At 0) : ~ 'l-+) t--3' { t} (t) 

Qlt)-3 {t) +j'lt) '1A._- u.,.l ""Q lt) ~ f. { -+-)- F '(-t) = 
( 

"1..-:::.o 

c) Yn (l) b.t ~ ::- t- , s~o· 
'--v-

~~J:(_. , f '(s) - f ( s) == - Q t -s) ,. o 
~ ~c.Jrn_ e-s . .. 

is le-s {:'(s)j = ctt·s)e..s ~~ ... 
5 



s > 

e.-'!. Hs) -;{o) = - ~ e-'~' Q l-<t) al.'t' 
0 

Y/W ~ I.t's . 

f<s):: r eS-1' o.(-T) ciT. 
g 

~ ~~ ~~ S£..o1 6-vd 
~ #J tllt f/\4U4d ~ t 
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The University of British Columbia

Final Examination - December 5, 2012

Mathematics 400

Fall, 2012

Closed book examination Time: 2.5 hours

Special Instructions:

No books, notes, or calculators are allowed.

Rules governing examinations
• Each examination candidate must be prepared to produce, upon the request
of the invigilator or examiner, his or her UBCcard for identification.

• Candidates are not permitted to ask questions of the examiners or invigilators,
except in cases of supposed errors or ambiguities in examination questions,
illegible or missing material, or the like.

• No candidate shall be permitted to enter the examination room after the
expiration of one-half hour from the scheduled starting time, or to leave during
the first half hour of the examination. Should the examination run forty-five
(45) minutes or less, no candidate shall be permitted to enter the examination
room once the examination has begun.

• Candidates must conduct themselves honestly and in accordance with es-
tablished rules for a given examination, which will be articulated by the ex-
aminer or invigilator prior to the examination commencing. Should dishonest
behaviour be observed by the examiner(s) or invigilator(s), pleas of accident or
forgetfulness shall not be received.

• Candidates suspected of any of the following, or any other similar prac-
tices, may be immediately dismissed from the examination by the exam-
iner/invigilator, and may be subject to disciplinary action:

(a) speaking or communicating with other candidates, unless otherwise au-
thorized;

(b) purposely exposing written papers to the view of other candidates or
imaging devices;

(c) purposely viewing the written papers of other candidates;
(d) using or having visible at the place of writing any books, papers or other

memory aid devices other than those authorized by the examiner(s); and,
(e) using or operating electronic devices including but not limited to tele-

phones, calculators, computers, or similar devices other than those authorized
by the examiner(s)–(electronic devices other than those authorized by the ex-
aminer(s) must be completely powered down if present at the place of writing).

• Candidates must not destroy or damage any examination material, must hand
in all examination papers, and must not take any examination material from
the examination room without permission of the examiner or invigilator.

• Notwithstanding the above, for any mode of examination that does not fall
into the traditional, paper-based method, examination candidates shall adhere
to any special rules for conduct as established and articulated by the examiner.

• Candidates must follow any additional examination rules or directions com-
municated by the examiner(s) or invigilator(s).

Part A 20

B1 5

B2 5

B3 5

B4 5

B5 5

B6 5

Total 50

Page 1 of 5 pages
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Instructions:

• Do all ten questions in part A, each worth 2 points.

• Do all six questions in part B, each worth 5 points.

• total 50 marks.

• Justify all answers.

• Write your answers in booklets.

Part A: do all ten questions, each worth 2 marks

A1. [2marks] Write the D’Alembert form of the general solution to the wave equation for
u(x, t), t ≥ 0 and all x:

utt = uxx

A2. [2] Consider the following first order PDE problems. Decide whether each problem is
linear, quasi-linear or fully nonlinear.

(a) u(x, t): ut + sin(u)ux = 0.

(b) u(x, y): x2ux + y2uy = exy.

(c) u(s, θ): usuθ − log us = 0.

A3. [2] Determine whether the following PDE for u(x, y) is elliptic, hyperbolic or parabolic:

uxx + 3uxy + 2uyy + 8ux + 3uy = 0

A4. [2] Consider the following heat conduction problem for u(x, t), 0 ≤ x ≤ 1, t ≥ 0:

ut = uxx + f(x, t)

u(0, t) = g0(t)

ux(1, t) = g1(t)

u(x, 0) = u0(x).

Draw a labelled diagram in the x−t plane of the problem. Identify the initial conditions
and boundary conditions on your diagram.

A5. [2] Consider the problem in A4 above with f ≡ 0 and u0 ≡ 0 but with given nonzero
functions g0(t) and g1(t). Describe briefly (a sentence or two) how you would go about
deriving a series or transform solution to the problem.

A6. [2] Consider the following problem for u(x, t), 0 ≤ x ≤ L and t ≥ 0:

ut + Cuux + Ku = Q

where L, C, K and Q are given constants. Scale x to unit length and scale u and T
so that the resulting equation has as few dimensionless parameters as possible.
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A7. [2] Consider the following system of equations for u(x, t) and v(x, t)

ut = uxx + f(u, v)

vt = Dvxx + g(u, v)

where D is a positive constant and f and g are given functions with f(0, 0) = 0 and
g(0, 0) = 0. Linearize the system about the solution u ≡ 0, v ≡ 0. Your answer will
have coefficients that involve the partial derivatives of f and g.

A8. [2] Write the third order ODE for u(t) below as a first order system.

d3u

dt3
+

(
d2u

dt2

)2

− sin(u) = 0.

A9. [2] Consider the heat conduction problem for u(x, t), for x ≥ 0 and t ≥ 0:

ut = uxx

ux(0, t) = 1 for all t ≥ 0

u(x, 0) = 0 for all x ≥ 0.

Find U(x, s), where U is the Laplace transform of u in t. Do not try to solve for
u(x, t).

A10. [2] Consider the following Sturm-Liouville problem for φ(x), 0 ≤ x ≤ 1:

φ′′ =

{
λφ x < 1/2
4λφ x > 1/2

with φ(0) = 0 and φ(1) = 0 and φ and φ′ continuous at x = 1/2. It is known that
all eigenvalues λ are negative. Write λ = −µ2 and find a function f(µ) such that the
roots of f correspond to values µ that lead to eigenvalues of the problem. Do not
solve for the µ values.

Part B: do all five questions, each worth 5 points

B1. Consider the following linear, first order Cauchy problem for u(x, t), t ≥ 0 and all x:

ut + xux = sin t

with initial data u(x, 0) = e−x2
.

(a) [2 marks] Solve for the characteristics x(s, t) for this problem.

(b) [2] Solve for u(s, t) along these characteristics.

(c) [1] Write the solution u(x, t).
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B2. Consider the traffic flow model we developed in class for ρ(x, t):

ρt + [f(ρ)]x = 0

where f(ρ) = ρ(1− ρ).

(a) [2] Solve the Riemann Problem for this equation with ρL = 0 and ρR = 1.

(b) [2] Solve the Riemann Problem for this equation with ρL = 1 and ρR = 0.

(c) [1] In the x− t plane, sketch the solution of the Cauchy problem for this equation
with initial data

ρ(x, 0) =

{
1 for 0 ≤ x ≤ 1
0 otherwise

B3. Consider the following wave equation problem for u(x, t), 0 ≤ x ≤ 1 and t ≥ 0, with
time harmonic forcing

utt = uxx + ex cos t

with boundary conditions u(0, t) = 0 and ux(1, t) = 0. Consider a time harmonic
solution of the form

u(x, t) = Re
{
A(x)eit

}
(a) [2] Write the ODE that A(x) satisfies.

(b) [1] Write the boundary conditions that A(x) satisfies.

(c) [2] Solve for A(x).

B4. Consider the heat conduction problem for u(x, y, z, t), for t ≥ 0, 0 ≤ x ≤ 1, 0 ≤ y ≤ 1
and 0 ≤ z ≤ 1:

ut = ∆u = uxx + uyy + uzz

with homogeneous Dirichlet boundary conditions on all boundaries.

(a) [3] Write the general solution to the problem as a series using the eigenvalues of
the spatial operator. Hint: use sine series for x, y and z.

(b) [2] What is the slowest decaying term in your series in part (a)? Your answer
should be in the form

Ae−ctv(x, y, z)

where A and c are constants you give values for and v(x, y, z) is specified.
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B5. Consider the following Sturm-Liouville problem for φ(x) with parameter ε ≥ 0:

φ′′ + (1 + εx)φ′ = λφ

with φ(0) = 0 and φ(1) = 0. It is known that all eigenvalues of this problem are
negative.

(a) [2] What is the orthogonality relationship for eigenfunctions of this problem?

(b) [2] For ε = 0 find the largest (least negative) eigenvalue λ and its corresponding
eigenfunction.

(c) [1] Discuss briefly (a sentence or two) how you could approach problem (b) with
ε > 0 but small.

B6. Use the Fourier transform to determine which of the following Cauchy problems for
u(x, t), t ≥ 0 and all x, are well posed.

(a) [2] ut = uxxx

(b) [3] utt + utxx = uxx
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