Math 400 Outline
Section 101, Fall, 2012

Instructor: Brian Wetton, wetton@math.ubc.ca, www.math.ubc.ca/ wetton

Focus: This class concentrates on analytic methods to solve partial differ-
ential equations (PDE’s) coming from physical applications.

Topics:

1.

ARl o

6.

Review: linearity; ordinary differential equations; wave, heat and
Laplace equations; separation of variables. Introduction to: maxi-

mum principle; D’Alembert’s solution; scaling and non-dimensionalization;
well-posedness; weak solutions; asymptotic methods; numerical
methods.

Classification of equations
Linear and quasi-linear first order equations, shock waves
Eigenfunction expansions and Sturm-Liouville theory

Parabolic (heat), elliptic (Laplace) and hyperbolic (wave) equa-
tions

Solution by integral transforms

Text: No required text. Optional text: “Elementary Applied Partial Differ-
ential Equations,” by Richard Haberman. Handwritten notes for the
course will be posted online.

Marks: 50% final, 20% midterm (Friday, October 19), 30% assignments.

Assignments: Challenging weekly assignments. Assigned Fridays, due Mon-
days (after ten days). Late homework will not be accepted after solu-
tions are posted.
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BESSEL FUNCTIONS OF INTEGER ORDER 409

Table 9.5
ZEROS AND ASSOCIATED VALUES OF BESSEL FUNCTIONS AND THEIR DERIVATIVES
jO,s J’O(jO, s) jl,a J’l(.jl,s) j2,8 J"Z(j?, s)

2.40482 55577  -0.51914 74973 3, 83171 -0, 40276 5.13562  -0.33967
5.52007 81103  +0. 34026 48065 7.01559  +0.30012 8.41724  +0.27138
8,65372 79129  -0.27145 22999  10.17347  -0.24970 11.61984  -0.23244
11.79153 44391  +0.23245 98314  13,32369 +0,21836 14,79595  +0,20654
14,93091 77086  -0.20654 64331 16.47063  -0.19647 17.95982  -0,18773

18, 07106 39679  +0,18772 88030 19, 61586  +0.18006  21.11700  +0.17326
21.21163 66299  -0,17326 58942 22,76008  -0.16718 24.27011 -0.16170
24, 35247 15308  +0,16170 15507  25,90367  +0.15672 27,42057  +0,15218
27.49347 91320  -0.15218 12138 29.04683 -0,14801 30, 56920 -0.14417
10 30.63460 64684  +0,14416 59777 32.18968  +0.14061 33.71652  +0,13730

WONT DAV %

11 33,77582 02136  -0.13729 69434 35. 33231 -0.13421 36, 86286 -0.13132
12 36,91709 83537  +0.13132 46267  38,47477  +0.12862 40,00845  +0,12607
13 40.05842 57646  -0.12606 94971 41, 61709 -0.12367  43,15345 -0,12140
14  43,19979 17132  +0.12139 86248  44,75932  +0.11925 46,29800  +0,11721
15  46,34118 83717  -0.11721 11989  47,90146  -0.11527 49.44216  -0.11343

16 49. 48260 98974 +0. 11342 91926 51.04354 +0, 11167 52. 58602 +0.10999
17 52. 62405 18411 -0.10999 11430 54,18555 -0.10839 55. 72963 -0.10685
18 55. 76551 07550 +0,10684 78883 57.32753 +0.10537 58. 87302 +0.10396
19 58.90698 39261 -0.10395 95729 60. 46946 -0.10260 62, 01622 -0.10129
20 62.04846 91902 +0.10129 34989 63, 61136 +0.10004 65.15927 +0. 09882
s J3, s J'3(J3,4) Ja, s J'1( ja, s) Js, s J’5(Js5,5)
1 6. 38016 -0. 29827 7.58834 -0.26836 8.77148 -0, 24543
2 9,76102 +0. 24942 11, 06471 +0,23188 12. 33860 +0. 21743
3 13. 01520 -0.21828 14, 37254 -0.20636 15.70017 ~0.19615
4 16, 22347 +0. 19644 17. 61597 +0.18766 18.98013 +0.17993
5 19, 40942 -0.18005 20, B2693 -0.17323 22.21780 -0.16712
6 22,58273 +0.16718 24, 01902 +0.16168 25.43034 +0.15669
7 25, 74817 -0.15672 27.19909 -0,15217 28. 62662 -0.14799
8 28, 90835 +0.14801 30. 37101 +0, 14416 31.81172 +0. 14059
9 32. 06485 -0,14060 33,53714 -0.13729 34,98878 ~0,13420
10 35,21867 +0,13421 36. 69900 +0.13132 38.15987 +0, 12861
11 38. 37047 -0.12862 39. 85763 -0.12607 41, 32638 -0.12366
12 41.52072 +0.12367 43,01374 +0,12140 44, 48932 +0,11925
13 44, 66974 -0.11925 46,16785 -0.11721 47. 64940 -0.11527
14 47. 81779 +0. 11527 49, 32036 +0.11343 50. 80717 +0.11167
15 50, 96503 -0.11167 52. 47155 -0,10999 53.96303 -0.10838
16 54,11162 +0. 10839 55, 62165 +0.10685 57.11730 +0.10537
17 57.25765 -0.10537 58, 77084 -0.10396 60, 27025 -0.10260
18 60. 40322 +0.10260 61. 91925 +0.10129 63. 42205 +0.10003
19 63, 54840 -0.10004 65. 06700 -0, 09882 66. 57289 -0. 09765
20 66, 69324 +0. 09765 68. 21417 +0, 09652 69.72289 +0, 09543
s Jje, s J'6( 76, 6) J1, J'7(j7,8) J8, s J’s(Jjs, s)
1 9.93611 -0, 22713 11, 08637 -0.21209 12, 22509 -0.19944
2 13, 58929 +0. 20525 14, 82127 +0, 19479 16.03777 +0.18569
3 17, 00382 -0,18726 18, 28758 -0.17942 19.55454 -0.17244
4 20, 32079 +0.17305 21, 64154 +0.16688 22, 94517 +0.16130
5 23, 58608 -0.16159 24,.93493 -0.15657 26. 26681 -0.15196
6 26, 82015 +0.15212 28.19119 +0.14792 29. 54566 +0. 14404
7 30, 03372 -0. 14413 31, 42279 -0,14055 32.79580 -0.13722
8 33,23304 +0.13727 34, 63709 +0.13418 36. 02562 +0.13127
9 36.42202 -0,13131 37.83872 -0.12859 39,24045 -0. 12603
10 39, 60324 +0.12606 41, 03077 +0.12365 42, 44389 +0.12137
i
11 42.77848 -0,12139 44, 21541 -0,11924 45, 63844 -0,11719 '
12 45, 94902 +0.11721 47, 39417 +0.11526 48, 82593 +0.11342 H
13 49.11577 -0.11343 50. 56818 -0.11166 52.00769 -0.10998
14 52, 27945 +0.10999 53.73833 +0.10838 55,18475 +0.10684
15 55. 44059 -0.10685 56. 90525 -0.10537 58. 35789 -0.10395
16 58, 59961 +0,10396 60, 06948 +0.10260 61.52774 +0.10129 (
17 61, 75682 -0,10129 63,23142 -0,10003 64, 69478 -0, 09882 !
18 64, 91251 +0, 09882 66, 39141 +0. 09765 67.85943 +0. 09652
19 68, 06689 -0. 09652 69, 54971 -0, 09543 71. 02200 -0.09438

20 71.22013 +0, 09438 72, 70655 +0, 09336 74,18277 +0. 09237




MATH 400, Fall 2012, Wetton
Assignment #1 - due Monday, September 17

Part A Routine questions

1. Review of linear constant coefficient inhomogeneous problems. The solu-
tion u(t) to the inhomogeneous ODE

U+ 2u = f(t)

with initial conditions u(0) = 0 is given by the integral formula

¢
u(t) :/ e 2t=9) £ (5)ds
0
(an example of Duhamel’s Principle). Derive this formula.

2. Review of the Method of Undetermined Coefficients. Find the analytic
solution (not in series form) for the boundary value problem for u(x):

u —u=xe®

with boundary values u(0) = 1 and u(1) = 0.
3. Review of Newton’s Method. Find the smallest positive root of
f(z) =tanx — 2z

using Newton’s method. Describe how you chose your initial estimate
of the root. Show the iteration formula you obtain and the list of
iterates starting from your initial estimate.

4. Review of Linear Systems. Find the inverse of the matrix

Use Gaussian Elimination by hand, although you can check your answer
with MATLAB afterward.



5. Review of Figenanalysis. Find an orthonormal basis of eigenvectors of the
symmetric matrix

6. Linear, constant coefficient, homogeneous ODE solutions. Let u(t) be a
three component column vector at every ¢. Write the general solution
to the ODE system

u = Bu
where B is the matrix from the previous question. Additionally, what
is the solution to this problem with initial conditions u(0) = [1 0 0]7?

7. Review of Fourier Series. Consider the function f(x) = z(1 — x) on the
interval x € [0, 1]. Find the sine series coefficients of this function. Plot
(using for example MATLAB, excel or octave which is freely available
online) the graph of the original function with superimposed the graph
of the sum of the first three nonzero terms of the sine series.

8. Consider the general, quasi-linear third order ODE for u(t):

d3
dT;L = F(t,u,,ii).

Reformulate this ODE as a first order system.

Part B. More difficult questions.

9. Consider the ODE system for u with two components

u = Au+f(t)

-2 1
e
and u has initial conditions u = 0. Analogously to the formula in

question # 1, an integral formula for the solution can be derived of the
form

where

u(t) = /Ot B(t — s)f(s)ds

where B(t) is a 2 X 2 matrix. Find the entries of this matrix. (Another
example of Duhamel’s Principle)



10. Consider the boundary value eigen-problem for u(z) given below
((1 + x2)u/)l = \u

with homogeneous boundary conditions u(0) = 0 and «'(1) = 0. Show
that all eigenvalues A must be real. Do not try to find the eigenvalues
of this problem. Hint: It is the same underlying argument as is used
to show that eigenvalues of symmetric matrices must be real.
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MATH 400, Fall 2012, Wetton
Assignment #2 - due Monday, September 24

Part A Routine questions

1. Consider the following heat equation problem for u(x,t):

w

Up = Ugy + f(2,1)

for t > 0 and 0 < x < 1 with initial conditions u(z,0) = up(z) and
boundary conditions u(0,t) = by(t) and u(1,t) = by(t). Write the
solution of this problem as a sum of solutions of four problems each of
which involves only one of the four data functions f(x,t), uo(z), bo(t)
and by (t). You do not need to solve the four problems you specify.

. Consider the problem in question #1 with ug, b; and b, identically zero, so

only f(z,t) nonzero. Write a series solution for this problem. Note that
the series coefficients will be integrals of f(z,¢) multiplied by functions
of z and t that are to be determined. Hint: Write u(z,t) as a sine
series in x with coefficients that depend on ¢.

. For the problem in question #1, consider the data functions to be smooth

(infinitely differentiable) for all x and ¢t. What necessary conditions on
the data must be satisfied for the solution to be continuous at (0,0) and
(1,0)?7 What further conditions on the data must be satisfied for the
solution to have continuous first partial derivatives at these two points?
The necessary conditions you give can be shown to be sufficient, but
you do not need to prove this.

4. Consider the two-way wave equation with constant speed ¢ > 0

Uy — czum =0

Write the form of D’Alembert’s solution in this case.

. Consider the one-way wave equation for u(x,t) for ¢ > 0 and > 0

U +u, =0

with initial data u(z,0) = wuo(z) given for x > 0 and boundary data
u(0,t) = f(t) given for ¢t > 0. Write down the solution u(z,t) in terms
of the data ug and f. Note that there will be an “if” statement in your
solution.



6. Consider the problem in the previous question where the region of interest
is reduced to 0 < z < 1. Discuss why arbitrary boundary data u(1,t) =
g(t) cannot be added to the specification of this problem.

7. Consider the two-way wave equation
Ut — Ugy = 0

for ¢ > 0 and all z with initial data u(z,0) = 0 and u(x,0) = uy(x).
Find the solution of this problem. Note that it will involve the anti-
derivative of u;.

8. Consider the two-way wave equation
Ut — Ugy = 0

for t > 0 and = > 0 with initial data u(z,0) = ug(z) and w(z,0) =0
for > 0 and boundary data u(0,¢) = 0 for ¢ > 0. Write the solution
of this problem in terms of ug(x).

Part B. More difficult questions.
9. Consider the one-way wave equation for u(z,t)
u +u, =0

Consider the alternative coordinates n = x +t and £ = x — t. Using
the chain rule, write the equation above in terms of these coordinates.
Repeat this exercise for the two-way wave equation

Ut — Ugy = 0.

10. Consider the two-way wave equation for w(z,t), ¢ > 0 and all = with
piecewise constant speed:

Uy — Uy = 0 foraxz>0

Uy — duyy, = 0 for x <O0.

At z = 0, u and u, are continuous. Data ug(x) is given for x > 0.
u(x,0) = ug(x) for x > 0 and u(x,0) = 0 for = < 0. u(z,0) = 0 for all
x. Write the solution for all x for ¢ > 0 in terms of ug(z). There will
be several cases.
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MATH 400, Fall 2012, Wetton
Assignment #3 - due Monday, October 1

Part A Routine questions

1. Consider the following heat equation problem for u(x,t), 0 < x <1 and
t>0:
w = (a(z)uy)y

u(z,0) = up(z) and boundary conditions u(0,¢) = 0 and w(1,t) = 0.
The function a(z) is discontinuous at = 1/2 and the equation above
is satisfied for x # 1/2. At # = 1/2, the values of u and au, are
continuous. Show that this problem has a maximum principle, that is
that
u(z,t) < max(max u(zx),0)
z€[0,1]

for all z and t.

2. Consider the following problem for u(x,t), 0 <z < L and t > 0:
uy = —Chu — Cou* + Cslug]* + Chtigy + Q

where C;, Cy, (5, C; and (@) are positive constants with appropriate
units. Non-dimensionalize the equation to make it as simple as possi-
ble. There will still be some dimensionless parameters in the resulting
equation. Note: This is an equation I just made up for this assignment,
it has no physical meaning that I know of.

3. Consider the problem above with boundary conditions u, = 0 at z = 0
and x = L. Show that there is a unique, positive constant (for all =
and t) solution to this problem. Linearize the equation around this
constant state.

Part B. More difficult questions.

4. Consider the heat conduction problem with discontinuous parameters as
discussed on pages 6 and 7 of part II of the posted course notes. Show
that conditions (6) and (7) are physically correct in the sense that they
can be derived from the limit of solutions of problems in which the
coefficients vary smoothly over an interval of width § and that width



goes to zero. It is not necessary to be completely rigorous but carefully
state any assumptions you make on the solutions and their behaviour
in 0.

5. Consider the coupled, nonlinear wire wave equation derived on pages 7-9
of part II of the posed course notes. Consider the case where a weight
is attached to the wire. Model this weight as a point mass m at s = s*.
Equation (8) of the notes will apply at all points s # s*. Describe the
conditions at s = s* that describe the motion of the attached weight.
As in the notes, you may neglect gravity.
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MATH 400, Fall 2012, Wetton
Assignment #4 - due Wednesday, October 10

Part A Routine questions
1. Consider the following PDE for u(z,y):
gy — Algy + Uyy + duy, = 0.
Determine whether the problem is elliptic, hyperbolic or parabolic.
2. Consider the following PDE for u(z,y):
2Ugy — gy + uyy = 0.

Determine whether the problem is elliptic, hyperbolic or parabolic.
What change of variables would take the equation to its standard form?

3. Consider the following problem for u(z,t), ¢ > 0 and all x:
up + 22, =0
with initial conditions u(z,0) = 1/(1 + z?). Find the solution u(x,t).
Part B. More difficult questions.
4. Consider the following equation for ®(x,y):
(1= M2)®yy — 2M M, Dy + (1 — M)®,, =0

where M, = ®,/a and M, = ®,/a and a is a given positive constant.
Show that ® = Va with V' constant satisfies this equation. Linearize
the equation about this solution. Determine whether the resulting lin-
ear equation is elliptic, hyperbolic, or parabolic. Note: your answer will
depend on |V].

5. Consider the characteristics for the problem
uy + alx, t)u, = 0.
These are curves x(t) that satisfy

& =a(z,t) with z(0) = s.



We can consider characteristics over a range of s, (s,t). Assume that
the given function a(z,t) and a, and a; are continuous and bounded
for all z and all ¢ > 0. It can be shown that x(s,t) exists for all s and
t > 0 and is differentiable (you may take this fact as given). Show the
following;:

e For every point (x,t) with ¢ > 0 the value of x can be written as
x(s,t) for some s. That is, every point is crossed by a character-
istic.

e Show that for every fixed t, x(s,t) is an increasing function of s.
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MATH 400, Fall 2012, Wetton
Assignment #5 - due Monday, October 15

Part A Routine questions

1. [Review of phase plane| Consider the following autonomous ODE system
for z(t) and y(¢):
de/dt =y and dy/dt ==z
Make a phase plane diagram of the velocity vectors (y, x). Sketch some

trajectories (solutions) of the system.

2. [Review of equilibria for autonomous systems] Consider the following au-
tonomous ODE system for z(¢) and y(t):
dv/dt =x —2* +zy and dy/dt = xy.

Note that x = 1, y = 0 is a constant solution of the system (an equilib-
rium point). Linearize the system about this equilibrium point. From
the linearization, determine whether this equilibrium point is stable or
unstable.

3. Consider the following PDE for u(z,y):
YUz + XUy = a:y3

with data given v = s? on the line segment x = s, y =0, 1 < s < 2.
Find the solution u(z,y) and the region where it is defined.

4. Consider the following PDE for u(x,y):
YUy — TUy = —U
with data given u = e°® on the line segment v = s,y =0, 1 < 5 < 2.

Find the solution u(z,y). Find the region where the solution is defined
(there is a small subtlety here).

5. Consider the following PDE for u(z,y):

Uy + Uy = —U.

1+ 22
Consider data given on lines through the origin y = cx. For what
values of ¢ do the lines satisfy the data and characteristic compatibility
condition (notes IVa, top of page 10) for all points on the line?



6. Consider the following Cauchy problem for Burger’s equation:

1
U + (§u2)$ =0

with u(x,0) = 1/(1 + 2?). Find the time ¢, of singularity formation,
that is the first time at which the solution is no longer differentiable.

7. Show that u(z,t) = U (that is, v = U for all x and t) with U constant
solves Burger’s equation. Linearize Burger’s equation around this con-
stant solution.

8. Consider the following problem for p(z,t):

pr+ (f(p))e =0

where f(p) = Vp(1—p/R) where V and R are given positive constants.
Scale and non-dimensionalize this problem.
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MATH 400, Fall 2012, Wetton
Assignment #7 - due Monday, October 29

Part A Routine questions

1. Find the general solution of the Riemann problem for Burger’s equation.

That is, solve
1

Ut + (5“2)35 =0
with initial data
Jow ifx<O
u(z,0) = { u, ifx>0

for any constant values u; and w,. Hint: Just like we saw in class, there
are separate cases depending on whether u; < u, or u; > u,.

2. Use the results of #1 above to sketch (in the x — ¢ plane) the solution of
the problem:
1
Ut + (5“2)35 =0
with
3 ifjx]>1
w(w, 0) = { ~1 if 2] <1

3. Solve the general Riemann problem for the traffic low model
up + [u(l —u)l, =0
4. As defined in question #1, solve the general Riemann problem for
uy + (ut), = 0.

5. Find an analytic formula to the solution to Burger’s equation with initial
data given below up to time t = 2.

u(z, 0) = 1 if0<ze<1

7771 0 otherwise

Hint: Up to time ¢ = 2 this is just two Riemann problems (one shifted
from = 0 to « = 1) that do not interact.



6. In problem #4 above describe in words what happens to the solution for
t > 2. Draw a sketch of the solution, showing characteristic lines and
any shock locations in time.

Part B More challenging questions
7. Consider the Riemann problem for the following conservation law:
uy + (u* —2u?), =0

with

Jow ifx<O
U(I’O)_{UT ifz>0

Find the solution of this problem for two cases: v; = 0,u, = 2 and u; =
2,u, = 0. Note: The flux function in this case is not convex and this will
make the solution for one of the cases above more complex. In that case,
the solution will be a combination of a shock wave and a rarefaction.
Any shock waves introduced must satisfy the Rankine-Hugoniot and
Lax Entropy conditions. Hint: It may be helpful to consider the initial
data smoothed out as we did in class when rarefaction waves were
introduced.

8. In class notes we considered the following problem:

1
Ut + (5“2)36 =0

with
u(z,0) =e ",

We showed that a shock would form at a specific time and location.
Consider the shock curve X(¢) that starts here and assume no other
shocks form (true in this problem). Find an ODE for X (¢) (it is OK to
have an implicitly defined right hand side). How does the shock curve
behave as t — oco?

Bonus: Continuing #8, calculate X (¢) numerically using your ODE and the
known point of shock formation as initial data. Describe your numerical
approach in words and show your results.
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MATH 400, Fall 2012, Wetton
Assignment #8 - due Monday, November 5

Part A Routine questions

1. Find the eigenvectors and eigenvalues of the following Sturm-Liouville
problem for ¢(z) for x € [0, 1] with ¢(0) =0 and ¢'(1) =0

¢"(0) = \o.

For this problem, show that there are no eigenvalues with A > 0. Do
this problem carefully as it will be used in many of the subsequent
problems.

2. Use the results of #1 above write a series solution to the problem for u(x)
given below

u" = f(x) with «(0) =0 and «/(1) =0

where f(z) is a given function. Your series will have coefficients that
involve integrals of f.

3. Use the results of #1 above write a series solution to the problem for
u(zx,t) given below

Ut = Ugy
w(0,¢) =0 and w,(1,t) =0 for all ¢ (boundary conditions)
u(z,0) = ug(x) for 0 <x <1 (initial conditions)

where ug(x) is a given function. Your series will have coefficients that
involve integrals of .

4. What is the slowest decay rate in the problem above? How does it compare
to the slowest decay rate in the problem in which the right boundary
condition is replaced by u(0,t) = 0 (in this case, the decay rate is —7?
as shown in the lectures). Describe briefly (one or two sentences) why
you expect the change you see in the slowest decay rate between these
two cases.



5. Use the results of #1 above write a series solution to the problem for
u(z,t) given below
Utt = Ugy
u(0,) =0 and wu,(1l,t) =0 for all £ (boundary conditions)
u(x,0) =ug(x) and u(z,0) =wui(x) for 0 <z <1 (initial conditions)

where ug(x) and wu;(z) are given functions. Your series will have coef-
ficients that involve integrals of uy and wu;.

6. Use the results of #1 above write a series solution to the problem for
u(zx,t) given below

Up = Uyy + g(, 1)
w(0,¢) =0 and w,(1,t) =0 for all ¢ (boundary conditions)
u(z,0) =0 for 0 <z <1 (initial conditions)

where g(z,t) is a given function. Your series will have coefficients that
involve integrals of g.

7. On your midterm, question B2 involved a left side boundary condition of
u—au, =0

for the wave equation (on the midterm, the value of a was 1). Describe
a physical situation in which this boundary condition could apply for
a > 0, where u is the vertical displacement of a stretched wire as
derived in the lectures. In this case, u, is proportional to the vertical
component of the the tension force to the right.

Part B More challenging questions

8. Show that if g(x) (independent of ¢) is taken as the forcing term in ques-
tion #6 above, then as ¢ — oo the solution tends to the time indepen-
dent solution of question #2 with f = —g.

9. Use the results of #1 above write a series solution to the problem for
u(z,t) given below
Ut = Ugy T g(xv t)
uw(0,t) =0 and w,(1,£) =0 for all ¢ (boundary conditions)
u(z,0) =0 and 1w (z,0)=0 for 0 <z <1 (initial conditions)



where g(z,t) is a given function. Your series will have coefficients
that involve integrals of g. The ideas in Assignment #1, question #9
(variation of parameters) may be useful here.

10. Show that the series solution of #5 above can be written in D’Alembert
form, that is that the series can be rewritten in the form

u(z,t) = flx —t) + gz + 1)

for scalar functions f and g. Note that the f and g will also be written
as series. Some trigonometric identities are needed here.
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MATH 400, Fall 2012, Wetton
Assignment #9 - due Wed, November 14

Part A Routine questions

1. Consider heat diffusion with homogeneous Dirichlet boundary conditions
in a composite bar of length 1 made of two materials joined together
at the midpoint. Suppose that on the left side ¢cp = 1 and K = 1
as in class and on the right, cp = 1 and K = 3/2. Find the p value
corresponding to the slowest decaying term in a series solution (that
has time behaviour e’ with A = —p?). You will need to use a root
finder (or Newton’s method) to find this value accurately.

2. Show how a general second order eigenvalue problem for y(z) of the form
P(z)y" + Qx)y' + R(z)y = Ny
with P(z) > 0 can be written in standard Sturm-Liouville form
(a(z)y') + c(z)y = Ab(z)y
with a(z) > 0 and b(x) > 0. Hint: Use an integrating factor.

3. Consider the following generalized Sturm-Liouville problem for ¢(z) with
x € [0, 1] that allows ¢ to be discontinuous at z = 1/2:

Y
#(0) = 0
1) = 0
§5) = 65— )
4G = 65— )

It can be shown that there are no positive eigenvalues. There is an
eigenvalue A = 0 with ¢(z) = 1. Find the next eigenvalue (negative
with smallest magnitude) and corresponding eigenvector.

4. Show that in problem #5 above, eigenfunctions satisfy

[ 6ul@)om(a)ds



when they correspond to different eigenvalues A, # \,,,. There is some
work to do here to handle the discontinuity at = = 1/2.

5. Consider the following diffusion problem for w(z, t) with 2 € [0, 1]. In this

problem, u(z,t) can be discontinuous in z at x = 1/2.

Uy = Uy

u(0,t) = 0

u(l,t) = 0

1 1 1
ul(i_vt) - u(§+7t) - u(§_7 t)

1 1 1
z\ 5 7t = o 7t - 5 7t
wly 0 = ulg -l )

u(z,0) = 1 forz<1/2and 0 for x > 1/2.

Find the first two terms in a series solution to the problem. The results
of questions #5 and #6 above will be useful here. As time t — oo, your
solution should tend to the constant 1/2 for all x. Using your series
solution, sketch a graph of the solution at some intermediate time.

6. Consider a bar of length 1 with constant K = 1 but (cp)(z) = 14-€e” with e

small. Use homogeneous Dirichlet boundary conditions and initial data
uo(z) = 1 for all z. Approximate the dominant (slowest decaying) term
in a series expansion for this problem using perturbation analysis.

Part B More challenging questions

7. Suppose a long, thin bar of length 1 is made of uniform material but

due to the nature of the manufacturing process the cross sectional area
changes slowly from one end to the other. Assume A(z) = 1+ ex with
e small. Use asymptotic analysis to determine if the slowest decaying
mode in this bar (with homogeneous Dirichlet boundary conditions)
with € # 0 decays more or less slowly than the uniform bar with ¢ = 0.
Note: In this case, the perturbation to the eigenvalue begins at order

€.

8. Show that for the composite bar problem (length 1, with one material to

the left of x = 1/2 and a different material to the right = > 1/2) with



homogeneous Dirichlet boundary conditions, the i value corresponding
to the slowest decaying mode of the solution satisfies

T < p < /o,

where oy = K;/(¢p;) and o, = K, /(¢,.p,) are the thermal diffusivities
on the left and right sides and it is assumed that a; < «,. That is,
the p value (and so the decay rate) of the slowest decaying mode is
intermediate between the ones for a bar made solely from the left and
right materials.

Bonus: Show that the same fact is true if the division between the two
materials is at any location x, € (0, 1).
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MATH 400, Fall 2012, Wetton
Assignment #10 - due Monday, November 19

Part A Routine questions

1. (Review) The following definite integral is not easily done with analytic
methods (might not be possible in terms of familiar functions).

1
/ eCosT
0

Using numerical integration (Trapezoidal rule or Simpson’s rule) eval-
uate the integral accurate to 3 significant figures (error less than 0.05).
Describe how you are convinced yourself the answer you have has the
desired accuracy (this discussion does not have to be mathematically
rigorous).

2. (Cooling of a sphere) Find a series solution u(r,t) for t >0, 0 <r < 1 to
the problem

Ut = Upp + — Uy
T

with initial conditions u(r,0) = 1 and boundary conditions u, = —u
at r = 1. You may leave the series coefficients in terms of definite
integrals.

3. Find an approximate solution at larger time to the problem above (the
slowest decaying term in the series solution). Your answer should be
in the form

u(r,t) = Av(r)e™

for specified function v(r) and constants A and c. In this case, evaluate
the integral for the A value.

4. Consider the following 2D wave equation problem for u(r,8,t) for ¢ > 0

and 0 <r <1: . )
=Au = — r)r -
Uy u 70(7’u )r + 560

with boundary conditions u, = 0 at r = 1. What are the three lowest
frequencies of vibration for this model? You will need the roots of the

derivatives of Bessel functions provided in the appendix to the notes,
part V.



5. Consider the following 3D heat conduction problem for wu(r,0,z,t) for
t>0inacylinder0<r<Rand 0< z< L.

1
u = Au = ;(TUT)T + o gUo + Uz

with boundary conditions u, =0 at r = R and u =0 at z = 0 and L.
Scale r and z so that they both lie in the interval 0 to 1. Write down
the equation for u in the scaled coordinates.

Part B More challenging questions

6. Write a series solution to problem 5. Consider the solution when R is much
smaller than L (a rod). Show that (except during a short transient)
this justifies the approximation of this problem by the one dimensional
problem in z. You will have to investigate some properties of Bessel
functions to give a complete answer to this question.
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MATH 400, Fall 2012, Wetton
Assignment #11 - due Monday, November 26
Note: This is the last assignment that will be collected and graded.
Part A Routine questions
1. Find the Fourier transform of
1+ H-1<z<0

fle)=¢ 1—2 if0<z<1
0 otherwise

2. Find the Fourier transform of

fla) =1/(z" +a')
for a real, a > 0. Hint: remember contour integration from Math 300.

3. Consider the following Cauchy problem for u(z,t) defined for ¢ > 0 and
all z:
U + QUL = Ugg

where a is a given non-zero constant and initial data uy(z) are given at
t = 0. Find an expression for the Fourier transform in z of u at each
t. From your result, determine if this problem is well posed for a > 0
and separately for a < 0. Justify your conclusion. Note: If the Fourier
coefficients of the solution grow exponentially in time with unbounded
growth rates, the problem is ill-posed.

4. Consider the following vector PDE for u(z,t) and v(z,1):
U = U+ Uy
Vi = U+ Ugpy-

Is the Cauchy problem for this PDE well posed? If the problem is well-
posed, determine the maximum growth rate and the minimum decay
rate (if any). Hint: take the Fourier Transform in z of both u and v.



Part B More challenging questions

5. Consider the Cauchy problem for the heat equation in three spatial di-
mensions. That is, consider u(z,y, z,t) for ¢ > 0 and all z, y and z
with initial data u(z,y, z,0) = ug(z,y, 2) satisfying

U = AU i= Ugy + Uyy + U

Derive a Green’s function representation for the solution to this prob-
lem. Hint: Start with a Fourier transform representation in x, y and z
of u at a fixed time.
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Name: Student #:
Math 400 (Wetton) Midterm, Fall 2012

Instructions:

e No notes, no calculators.

Show all work. Justify your answers.

Do all five questions in part A, each worth 2 points.

Do all two questions in part B, each worth 5 points.

total 6 pages, 20 marks.

part A: do all questions

A1. [2 marks] Determine whether each of the following problems for u(z,t)
is linear, quasi-linear or fully nonlinear:

(a) (u)? + () = 1.
(b) w+ [u(1 —u)], = 0.

(c) z%uy + t*u, = sin(xt).
A2. [2] Write the differential equations for the characteristics for the follow-
ing problem for u(z,y):
(2% — y*)uy + (2 + y*)u, + usin(ay) — e =0

Do not solve the equations.



A3. [2] Consider the PDE for u(z,t) below:

u+ [f ()]s =0

where the function f is given. Note if U is a constant, u(z,t) = U for

all z and ¢ is a solution of the PDE. Find the linearization of this PDE
about this solution.

A4. [2] Consider Burger’s Equation for u(zx,t) below:

u?
“ (z)fo

u(zx,0) = €”.

Write the characteristics for this problem. Will shock waves (disconti-

nuities) appear in solutions for ¢ > 0?7 Justify briefly (mark not awarded
without justification).

with initial data



A5. [2] Scale and non-dimensionalize the following problem for u(zx,t), with
x in the interval [0, L] and ¢ > 0:

plug + uy) = Vg,

where p, v, L and d are given positive constants. Leave as few dimen-
sionless parameters as possible.



Part B: do both questions

B1. Consider the following first order PDE problem for u(x,t) for ¢ > 0 and
all z:

Ut + TUy = T

w(z,0) =e*

(a) [1 mark] Write the differential equation for the characteristics x(t).

(b) [1] Solve for the characteristics z(s, t) starting at every point = = s
at t = 0.

(c) [2] Solve for the solution u(s,t), that is the solution at time ¢ on
the characteristic that started at x = s.

(d) [1] Solve for u(z,1).



B2. Consider the following wave equation problem for u(x,t) for z > 0 and
t>0:

Utt = Ugy
u(z,0) =0 for all > 0, initial condition
ut(z,0) =0 for all > 0, initial condition

u(0,t) —u,(0,t) = a(t) for all ¢ > 0, boundary condition

where a is a given function for ¢ > 0. It is known that u(z,t) =
flz —t)+ g(x +t) (D’Alembert’s solution) and that the non-negative
arguments of f and g are zero from the initial conditions. The negative
arguments of f are still to be determined.

(a) [1] Draw a labelled diagram of the PDE problem in the x —¢ plane.

(b) [2] Write the equation that results when the D’Alembert form of
the solution is put into the boundary condition.

(c) [2] Solve for f(s) for s < 0. Your answer will involve integrals of
the given function a.
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Name: SMM Student #:
Math 400 (Wetton) Midterm, Fall 2012

Instructions:

e No notes, no calculators.

Show all work. Justify your answers.
e Do all five questions in part A, each worth 2 points.

e Do all two questions in part B, each worth 5 points.

total 6 pages, 20 marks.

part A: do all questions

A1l. [2 marks] Determine whether each of the following problems for u(z,t)
is linear, quasi-linear or fully nonlinear:

(a) (u)? + (u)? =1L wtud N o

() w+ w1 -w), =0. qpaesq- hnLan
(c) zu + t?u, = sin(zt). 'e}w.&/l’

A2. [2] Write the differential equations for the characteristics for the follow-
ing problem for u(z,y):

(22 — y*)u, + (2 + ¥ )uy + usin(zy) — 7 =0

Do not solve the equations.
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A5. [2] Scale and non-dimensionalize the following problem for u(z,t), with
£ in the interval [0, L] and t > 0

p(uy + Uly) = VlUgz
oandl

where p, va L es=st-are given positive constants. Leave as few dimen-
sionless parameters as possible.

A= \IU U,T A(&jld tb e mw,
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Part B: do both questions

B1. Consider the following first order PDE problem for u(z,t) for t > 0 and
all x:

Ut +2TU, = T

u(z,0) = e

(a) [t mark] Write the differential equation for the characteristics z(t).

(b) [1] Solve for the characteristics (s, t) starting at every point z = s
at t = 0.

(c) [2] Solve for the solution u(s,t), that is the solution at time ¢ on
the characteristic that started at z = s.

(d) [1] Solve for u(z,t).
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The University of British Columbia

Final Examination - December 5, 2012

Mathematics 400
Fall, 2012

Closed book examination

Special Instructions:

No books, notes, or calculators are allowed.

Rules governing examinations
e FEach examination candidate must be prepared to produce, upon the request
of the invigilator or examiner, his or her UBCcard for identification.

e Candidates are not permitted to ask questions of the examiners or invigilators,
except in cases of supposed errors or ambiguities in examination questions,
illegible or missing material, or the like.

e No candidate shall be permitted to enter the examination room after the
expiration of one-half hour from the scheduled starting time, or to leave during
the first half hour of the examination. Should the examination run forty-five
(45) minutes or less, no candidate shall be permitted to enter the examination
room once the examination has begun.

e Candidates must conduct themselves honestly and in accordance with es-
tablished rules for a given examination, which will be articulated by the ex-
aminer or invigilator prior to the examination commencing. Should dishonest
behaviour be observed by the examiner(s) or invigilator(s), pleas of accident or
forgetfulness shall not be received.

e Candidates suspected of any of the following, or any other similar prac-
tices, may be immediately dismissed from the examination by the exam-
iner/invigilator, and may be subject to disciplinary action:

(a) speaking or communicating with other candidates, unless otherwise au-
thorized;

(b) purposely exposing written papers to the view of other candidates or
imaging devices;

(c) purposely viewing the written papers of other candidates;

(d) using or having visible at the place of writing any books, papers or other
memory aid devices other than those authorized by the examiner(s); and,

(e) using or operating electronic devices including but not limited to tele-
phones, calculators, computers, or similar devices other than those authorized
by the examiner(s)—(electronic devices other than those authorized by the ex-
aminer(s) must be completely powered down if present at the place of writing).

e Candidates must not destroy or damage any examination material, must hand
in all examination papers, and must not take any examination material from
the examination room without permission of the examiner or invigilator.

e Notwithstanding the above, for any mode of examination that does not fall

into the traditional, paper-based method, examination candidates shall adhere
to any special rules for conduct as established and articulated by the examiner.

e Candidates must follow any additional examination rules or directions com-
municated by the examiner(s) or invigilator(s).

Time: 2.5 hours

Part A

20

B1

B2

B3

B4

B5

B6

Total

50
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Instructions:

e Do all ten questions in part A, each worth 2 points.

Do all six questions in part B, each worth 5 points.

total 50 marks.

Justify all answers.

Write your answers in booklets.

Part A: do all ten questions, each worth 2 marks

A1l. [2marks] Write the D’Alembert form of the general solution to the wave equation for
u(z,t), t >0 and all z:
Utt = Ugy

A2. [2] Consider the following first order PDE problems. Decide whether each problem is
linear, quasi-linear or fully nonlinear.

(a) w(z,t):  uy+sin(uw)u, = 0.
(b) u(z,y): 2*u, + y?u, = e™.
(c) u(s,0): wsug—logus =0.
A3. [2] Determine whether the following PDE for u(z, y) is elliptic, hyperbolic or parabolic:

Ugg + BUgy + 2Uyy + Uy + 3uy, =0

A4. [2] Consider the following heat conduction problem for u(z,t), 0 <z <1,¢t>0:

U = Uge + f(2,1)
u(0,1) = go()

ug(1,1) = g:1(t)
u(@,0) = uo().

Draw a labelled diagram in the x —t plane of the problem. Identify the initial conditions
and boundary conditions on your diagram.

A5. [2] Consider the problem in A4 above with f = 0 and 4y = 0 but with given nonzero
functions go(f) and g¢1(¢). Describe briefly (a sentence or two) how you would go about
deriving a series or transform solution to the problem.

A6. [2] Consider the following problem for u(z,t), 0 <z < L and ¢t > 0:
uy + Cuuy + Ku = Q

where L, C', K and @ are given constants. Scale x to unit length and scale v and T
so that the resulting equation has as few dimensionless parameters as possible.
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A7. [2] Consider the following system of equations for u(z,t) and v(z,t)

Up = Ugg + f(u,v)
vy = Dugy + g(u, v)
where D is a positive constant and f and g are given functions with f(0,0) = 0 and

g(0,0) = 0. Linearize the system about the solution u = 0, v = 0. Your answer will
have coefficients that involve the partial derivatives of f and g.

A8. [2] Write the third order ODE for u(t) below as a first order system.

d3u Pu\®
% —+ <ﬁ) — Sln(u> = O

A9. [2] Consider the heat conduction problem for u(z,t), for x > 0 and ¢ > 0:

Ut = Ugy
uz(0,t) =1 forallt >0
u(z,0) =0 for all z > 0.

Find U(z,s), where U is the Laplace transform of u in ¢. Do not try to solve for
u(z,t).

A10. [2] Consider the following Sturm-Liouville problem for ¢(z), 0 <z < 1:

| Ao < 1)2
o= A x>1/2

with ¢(0) = 0 and ¢(1) = 0 and ¢ and ¢’ continuous at x = 1/2. It is known that
all eigenvalues )\ are negative. Write A = —p? and find a function f(u) such that the
roots of f correspond to values p that lead to eigenvalues of the problem. Do not
solve for the p values.

Part B: do all five questions, each worth 5 points

B1. Consider the following linear, first order Cauchy problem for u(x,t), t > 0 and all x:

U + TU, = Sint

with initial data u(z,0) = e=*".

(a) [2 marks] Solve for the characteristics x(s,t) for this problem.
(b) [2] Solve for u(s,t) along these characteristics.
(c) [1] Write the solution u(z,t).
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B2. Consider the traffic flow model we developed in class for p(z,t):

pe + [f(p)le =0

where f(p) = p(1 —p).

(a) [2] Solve the Riemann Problem for this equation with p;, = 0 and pr = 1.
(b) [2] Solve the Riemann Problem for this equation with p; =1 and pr = 0.

(c) [1] In the x —t plane, sketch the solution of the Cauchy problem for this equation

with initial data
1 for0<zx<1

0 otherwise

plo0) = {

B3. Consider the following wave equation problem for u(z,t), 0 < z < 1 and ¢t > 0, with
time harmonic forcing

Uy = Ugy + €7 cOSt

with boundary conditions u(0,t) = 0 and wu,(1,t) = 0. Consider a time harmonic
solution of the form

u(z,t) = Re {A(z)e" }
(a) [2] Write the ODE that A(z) satisfies.
(b) [1] Write the boundary conditions that A(x) satisfies.
(c) [2] Solve for A(z).

B4. Consider the heat conduction problem for u(z,y, z,t), fort >0, 0<x<1,0<y <1
and 0 < z < 1:

U = AU = Ugy + Uyy + Uz,
with homogeneous Dirichlet boundary conditions on all boundaries.
(a) [3] Write the general solution to the problem as a series using the eigenvalues of
the spatial operator. Hint: use sine series for x, y and z.

(b) [2] What is the slowest decaying term in your series in part (a)? Your answer
should be in the form
Ae " (x,y, 2)

where A and ¢ are constants you give values for and v(z,y, 2) is specified.
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B5. Consider the following Sturm-Liouville problem for ¢(x) with parameter € > 0:
"+ (1+ex)d =\

with ¢(0) = 0 and ¢(1) = 0. It is known that all eigenvalues of this problem are
negative.
(a) [2] What is the orthogonality relationship for eigenfunctions of this problem?

(b) [2] For € = 0 find the largest (least negative) eigenvalue A and its corresponding
eigenfunction.

(c) [1] Discuss briefly (a sentence or two) how you could approach problem (b) with
e > 0 but small.

B6. Use the Fourier transform to determine which of the following Cauchy problems for
u(z,t), t > 0 and all x, are well posed.

(a
(b

) [2] Ut = Uggx
)

[3] Uy + Uz = Ugy
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