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methods courses as part of their undergraduate training and who need
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ential equations in a single course, which does not require any previous
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interpolation, numerical integration, numerical differentiation, numer-
ical linear algebra and root finding) are introduced and then applied
to the solution of ordinary and partial differential equations. This ap-
proach helps to contextualize the numerical methods and enables us to
focus on applications of the methods to practical problems.

Text: No text. Written notes will be provided. Some suggestions of optional
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Material: Newton’s method for nonlinear problems. Functional approxi-
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Some Notes on the Fourier Transform

Brian Wetton

November 25, 2012

1 Fourier Series on a finite interval

Consider a function f(x) defined and periodic on the interval [0, 2π]. We can expand
the function in fourier series as follows:

f(x) =
1

2
a0 +

∞∑
1

[an cosnx+ bn sinnx]. (1)

The coefficients an and bn that make this “work” are

an =
1

π

∫ 2π

0
f(x) cosnxdx (2)

bn =
1

π

∫ 2π

0
f(x) sinnxdx. (3)

That these are the coefficients that we must take is seen from the fact that the
functions {1, sinx, cosx, sin 2x, cos 2x . . .} are orthogonal in the following sense:

∫ 2π

0
cosnx cosmxdx =


0 if m 6= n
π if m = n 6= 0
2π if m = n = 0∫ 2π

0
sinnx sinmxdx =

{
0 if m 6= n
π if m = n∫ 2π

0
cosnx sinmxdx = 0 for all m,n

These results can be easily verified. We can now multiply eq. (1) by sinmx or cosmx
and integrate from 0 to 2π and use the results above to see that the coefficients must
be given by eq (2, 3).

Note 1 I’m hoping this is all old news for you.
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1.1 Validity

So far we know that if the expansion (1) is going to work, the coefficients must be
given by (2, 3). Under what conditions do we actually get convergence of the right
hand side of (1) and then when do we have equality in (1)? I will quote two results
without proof:

1.1.1 Piecewise continuous functions

Suppose that f(x) is a piecewise continuously differentiable function. This means
that f(x) is continuous and has a continuous derivative at all but a finite number of
points, where it may suffer a jump (but remains bounded). For instance, the function

f(x) =

{
1, 0 ≤ x < π
−1, π ≤ x < 2π

(4)

is a piecewise continuously differentiable function. Note that this function has jumps
at π and at 0 (or 2π) since when we say differentiable we mean it in the sense of 2π
periodicity.

We now state our theorem:

Theorem 1 If f is a piecewise continuously differentiable function then the series
on the right of eq. (1) converges at all x to

1

2
[f(x+ 0) + f(x− 0)]

where f(x + 0) is the limit of f(y) as y approaches x from the right and f(x− 0) is
the limit of f(y) as y approaches x from the left.

At all points where f is continuous (away from the jumps), f(x + 0) = f(x − 0)
and the series converges to f(x).

The series associated with the function in eq. (4) converges to
1, 0 < x < π
0, x = 0, π, 2π
−1, π < x < 2π

1.1.2 Square integrable functions

Now consider f to be in the space of functions, L2[0, 2π]. This space contains all
functions defined on [0, 2π] that are measurable (see [2] for example for this technical
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definition but let me say any functions we will deal with are measurable) and such
that ∫ 2π

0
|f(x)|2dx

is finite. Notice that this allows some unbounded functions as well as the piecewise
smooth functions above.

Theorem 2 If f ∈ L2 then the fourier series of f converges to f in the following
sense:

lim
N→∞

∫ 2π

0
|f(x)− a0

2
−

N∑
n=1

[an cosnx+ bn sinnx]|2dx = 0.

This certainly does not guarantee pointwise convergence.

1.2 Complex form

For notational convenience (but this is very important as you’ll see) it’s much nicer to
abandon the real form of the fourier series for the equivalent complex one. Remember
the complex exponential

e(x+iy) = ex(cosx+ i sin y),

one of the first complex analytic functions you learned about. This complex expo-
nential obeys all of the normal rules for exponentials, i.e.

ez1 × ez2 = ez1+z2

for any complex numbers z1 and z2. Switching the roll of x above we get

eix = cosx+ i sinx.

Now define the following complex fourier coefficients

cn =
1

2π

∫ 2π

0
f(x)e−inxdx (5)

for n = 0,±1,±2, . . .. Clearly,

cn =



a0
2
, n = 0

1
2
(an − ibn), n > 0

1
2
(an + ibn), n < 0
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It is then possible to rewrite eq. (1) as

f(x) =
∞∑

n=−∞
cne

inx.

We think of cn as being the fourier coefficients of f(x) and so can naturally label
them as f̂n or F(f)n.

1.3 Normalization and alternate forms

There are several other ways to define the transform that you may see in other texts.
The various forms have merely to do with the normalization and conjugation of the
transform coefficients. Some other valid transform and inverse transform pairs are

f̂n =
∫ 2π

0
f(x)e−inxdx f(x) =

1

2π

∞∑
n=−∞

f̂ne
inx

f̂n =
1

2π

∫ 2π

0
f(x)einxdx f(x) =

∞∑
n=−∞

f̂ne
−inx

f̂n =
1√
2π

∫ 2π

0
f(x)e−inxdx f(x) =

1√
2π

∞∑
n=−∞

f̂ne
inx

This last form is particularly nice and is the one I use when I can. Its symmetric
weighting leads to the nice property

∫ 2π

0
|f(x)|2dx =

∞∑
n=−∞

|f̂n|2.

Note 2 It is clear that fourier series can be applied to functions in any finite interval
by scaling and translation.

Question 1 Consider functions defined on the interval [a, b]. Find a valid transform
and inverse transform formula for this case.

Question 2 Find the fourier transform of the function in eq. (4).

Question 3 Find the fourier transform of the following function:

f(x) =

{
x, 0 ≤ x < π
2π − x, π ≤ x < 2π
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2 Fourier Transform on the Real Line

When f(x) is defined for all x the situation with the fourier transform and its inverse
is a bit different. Here, the transform takes on a continuous number of values

f̂(α) =
1√
2π

∫ ∞
−∞

f(x)e−iαxdx

for all real α and the inverse is given by

f(x) =
1√
2π

∫ ∞
−∞

f̂(α)eiαxdα (6)

As with fourier series, there are alternate forms with normalization and conjuga-
tion. Again, this is a convenient form since here∫ ∞

−∞
|f(x)|2dx =

∫ ∞
−∞
|f̂(x)|2dx.

Also, the same kind of validation arguments apply in this case (note that some kind
of decay in f has to be assumed as |x| → ∞ for the transform of a piecewise smooth
function to even exist, though).

2.1 Some Properties of the Fourier Transform

2.1.1 Derivatives

If f has a derivative with a “valid” fourier transform, then the fourier transform of
the derivative is given by

F(f ′)(α) = iαF(f)(α).

This result can be found formally just by differentiating eq. (6). Here we have
used F(f) instead of f̂ to avoid confusion with the primes for derivatives. This is a
marvelous result. In words, it says that the fourier transform reduces differentiation
to multiplication. It is no wonder that fourier transform and series are used heavily
in the study of differential equations.

Question 4 Suppose f(x) is a real-valued function on the whole real line with a
well-defined fourier transform. Let u(x) be the function that satisfies

−u′′ + u = f

at every point x (and u has suitable decay as |x| → ∞). Find the relationship between
û and f̂ .
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2.1.2 Convolution

The convolution of two functions on the real line is given by

(f ∗ g)(x) =
∫ ∞
−∞

f(x− s)g(s)ds

The fourier transform of a convolution is extremely simple:

F(f ∗ g)(α) = f̂(α)× ĝ(α)

It reduces to pointwise multiplication of the transforms. The opposite is also true:
the transform of a product is the convolution of their transforms.

Question 5 In question # 4 the solution should be of the form

û(α) = Ĝ(α)f̂(α).

That is, the solution u is the convolution of f with a function G (known as the
Greens function of the problem). Find an explicit form for G(x) (Hint: G should
have a discontinuous derivative at x = 0.

3 Discrete Fourier Transform

We now consider the corresponding situation on a finite lattice (Rn or Cn). For a N
vector U with components Uj (index j from 0 to N − 1 here) the DFT is a complex

N vector Û with components given by

Ûα =
1√
N

N−1∑
j=0

Uje
−2π(ijα)/N (7)

for α = 0, 1, . . . N − 1. The inverse transform is given by

Uj =
1√
N

N−1∑
j=0

Ûαe
2π(ijα)/N (8)

The transform (7) is just a fancy way of describing the change of basis of the vector
U to the ortho-normal coordinates {Eα} where (Eα)j := e2π(ijα)/N/

√
N .

As always, these formulas are arbitrary up to conjugation and scaling. With the
scaling above we have

‖U‖ = ‖Û‖
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where ‖ · ‖ is the usual Euclidean norm (which can be denoted ‖ · ‖2 to distinguish it
from other norms on Cn),

‖U‖ =

√√√√√N−1∑
j=0

|Uj|2

This is just a consequence of the fact that the DFT is an orthonormal change of basis
(such changes are Euclidean norm preserving).

Question 6 Another norm for Cn is the maximum norm ‖ · ‖∞ given by

‖U‖∞ = max
j=0,1,...N−1

|Uj|

Show that the DFT does not preserve maximum norm.

Question 7 Find constants c1(N) and c2(N) such that

c1(N)‖U‖2 ≤ ‖U‖∞ ≤ c2(N)‖U‖2

for all N-vectors U .

3.1 Some Linear Algebra

The operation in eq. (7) is equivalent to multiplication by a matrix which we will
call F . The operation in eq. (8) must then be described by multiplication by F−1.
By inspection we see that F−1 = F∗ where ∗ denotes the Hermitian (or conjugate)
transpose. This result follows from the fact that the DFT is just an orthonormal
change of coordinates.

Note 3 Multiplication by an N × N matrix is in general an operation that takes
O(N2) computational work. However, the DFT in eq. (7) can be done faster than
this and stably (in O(N logN) work) using the Fast Fourier Transform (FFT) method.
This algorithm has made it possible to compute approximations using fourier trans-
form ideas.

3.2 Transform on an Infinite Lattice

We can come full circle back to section 1 by considering the transform of vectors on
an infinite lattice, i.e. Uj with j = 0,±1,±2, . . . (with suitable decay as |j| → ∞).
In this case, the transform û(α) takes on values for continuous values of α and û is
2π-periodic. We have

Uj =
1√
2π

∫ π

−π
û(α)eijαdα
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with

û(α) =
1√
2π

∞∑
j=−∞

Uje
−ijα.

This is just the complex Fourier Series from section 1 written backwards where in-
tegration is taken over the interval [−π, π] instead of [0, 2π] (equivalent since the
integrand is 2π-periodic). This change allows correct interpretation of û(α) values.

Note 4 The DFT plays the same role in the analysis of finite difference equations as
the FT plays in the analysis of differential equations. In this role, the use of the DFT
is known as von Neumann analysis.

Note 5 I owe much of my understanding and many of the details in these notes to
[1].
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Introduction to Scientific Computation: Finite

Difference Methods

Brian Wetton ∗

September 19, 2014

1 Motivation

Many problems in Science, Engineering, and Finance involve the solution of
differential equations (DE). Often these problems cannot be solved analytically
but must be approximated numerically. This approximation must be done to a
certain precision that depends on the application. While the differential equa-
tions do not exactly describe the real system they model (there is a modelling
error) it is important to minimize the errors from the numerical approximation
to be able to confirm whether the underlying mathematical model is valid. This
is shown graphically in Figure 1.

2 A First DE Problem

Problem 1 Find u(x), x ∈ [0, 1] with u and its derivatives 1-periodic that
satisfies

−u′′ + au = f(x)

at every x where a is a given positive constant and f(x) is a given C2 (periodic)
function.

Here, C2 (periodic) is the set of functions on the unit interval which have
continuous and 1-periodic derivatives up to second order. In general, we write
Cn for the set of functions that have continuous derivatives up to order n. These
functions have a norm

‖u‖Cn = max
0≤j≤n

maxx|u(j)(x)|

where u(j) denotes the j’th derivative of u. We will have other norms for func-
tions, so we will label the norm we are using unless it is completely clear.

We will use the following theorem
∗wetton@math.ubc.ca
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Figure 1: Stages in computational modelling. By reducing numerical errors, a
clear picture of the model accuracy can be obtained.

Theorem 1 Problem 1 has a ! (unique) solution with u ∈ C4 with the bound

‖u‖C4 ≤ K‖f‖C2

for all given f ∈ C2 for some K that depends on a but not f .

The inequality in the Theorem is known as an a-priori bound. For a given f we
don’t know the solution u but we know there will be a solution, there will only
be one solution, and it will have four continuous derivatives with size limited
by the derivatives up to second order of f .

3 Finite Difference Discretization

3.1 Discretization

Determining the solution u(x) of Problem 1 requires finding an infinite num-
ber of unknowns (the values of u at every point x in an interval). To proceed
computationally, we need to deal with only a finite number of unknowns (dis-
cretization). Let’s look first at a simple, Finite Difference (FD) discretization.
Let Ui, i = 1, 2, . . . N approximate u(x) at the ends of subintervals with length
h = 1/N . That is

Ui ≈ u(ih).
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Figure 2: Uniform grid in spatial discretization.

Figure 3: Values used in the finite difference approximation of the second deriva-
tive.

This is shown in Figure 2. Using the periodicity of the problem, we would have

U0 = UN and UN+1 = U1 (1)

Convention: In these notes, I will always use lower case letters for exact
solutions and upper case letters for numerically computed, approximate values.

3.2 Approximating Derivatives

Let us assume for the moment that we knew the exact solution, at least at grid
points. We can use the values ui−1, ui and ui+1 to approximate u′′(ih) with the
following formula:

D2ui :=
ui−1 − 2ui + ui+1

h2
= u′′(ih) +

h2

12
u′′′′(θ) (2)

for some θ ∈ [(i−1)h, (i+1)h]. The geometry of this linear combination of values
is shown in Figure 3. The geometry and the weights of the linear combination
is called the stencil of the discrete approximation.

This can be derived in a number of ways, starting with Taylor Series. Two
approaches are described in section 3.5 below. The last term on the right is an
error term (we wanted u′′(ih) but got that extra term as well). Since u′′′′ is
bounded, we can guarantee answers as accurate as we want by taking h → 0
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Figure 4: Structure of the matrix A.

(that is, by refining the grid). The term h2 in the error makes this a second
order approximation.

3.3 Discrete Equations

Using the equation that u solves in Problem 1 we can write

−D2ui + aui = f(ih) +
h2

12
u′′′′(θ) (3)

The last term above is again an error term. We call it the truncation error, the
residual when we put the exact solution into a discrete equation. The truncation
error goes to zero as h → 0. We say that the discrete equation is consistent. By
ignoring a small (as h → 0) residual, we could specify our discrete scheme for
the approximate values Ui:

−D2Ui + aUi = Fi for i = 1, 2, . . . N (4)

where Fi = f(ih) are given values. Note that (4) is a linear system with N
equations for N unknowns. The system can be written in vector form

AU = F (5)

where A is an N ×N matrix with form shown in Figure 4. We will show below
that A is invertible, so the discrete scheme (4) has a solution U for every given
right hand side F for any h.

The matrix A has mostly zeros. As N → ∞ (h → 0) the fraction of non-
zeros decreases. We call such matrices sparse. However, A−1 is not sparse. It
has no zero entries. This implies that all entries of F affect solution values at
all locations. This is characteristic of elliptic problems.
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3.4 The Next Step: Test on a Known Problem

We have a scheme for our problem. The very next thing we should do is test out
the scheme on as simple a problem as we can that has a known solution. One
trick is to pick the exact solution u, put it into the DE, and whatever residual
there is call it f(x). We can then use the values of f on the grid (F) in the
discrete scheme and compute U. We can then compare U to the exact u at
grid points to see how accurate the scheme is at various grid resolutions. For
example, we could choose

u(x) = ecos x

and find
f(x) = (a− sin2 x + cos x)ecos x

where we have taken the periodic interval of Problem 1 to be [0, 2π] instead of
[0, 1] to make these expressions a little simpler. Choosing good test examples
is somewhat of an art. You want them to represent the type of problem you
are interested in, but much easier to compute (possibly lower dimensional) with
an exact solution you know. In some cases, it is not possible to find an exact
solution to a representative problem. In well established fields, there are of-
ten benchmark problems with high accuracy solutions you can use to test new
schemes. As you are picking test problems, make sure that the solutions you use
do not have zero values for the derivatives that compose the truncation error.
The scheme will behave anomalously (better than usual) on such problems.

In your test, you should see how errors behave as the grid is refined (by
factors of 2 for example, h = 1/10, 1/20, 1/40, . . .). There are three things to
look for:

1. As h → 0, do the computed values U tend to the exact u values? That is,
do the errors tend to zero? If so, we say that the scheme converges. The
computational test is not a proof of convergence, but is strong evidence
for it.

2. Is there any odd behaviour in the errors U − u? Odd behaviour could be
an indication of a program error or it might be just a characteristic of the
scheme. Odd error behaviours can be called numerical artifacts.

3. If the test case is (roughly) similar to problems you are actually interested
in, can you achieve the desired accuracy with an N (h) value that leads to
a computation that takes an acceptable length of time? If not, you should
spend some time exploring ways to make the computation more efficient
or more powerful computer architectures.

Testing the method on the test example above with exact solution with the
parameter a = 1 gives the results shown in Table 1. MATLAB code for this
computation is provided. Plots of the errors as functions of x for N = 40 and
N = 80 are shown in Figure 5. Note that the error in the computed solution
goes down by a factor of approximately 4 when N is doubled (h is halved).
This matches with our discussion above, where truncation error goes down by a
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N EN = maxi |Ui − u(ih)| EN/E2N

10 6.71e-2 4.24
20 1.58e-2 4.05
40 3.90e-3 4.01
80 9.73e-3

Table 1: Errors in the finite difference method applied to the example in Sec-
tion 3.4.

Figure 5: Spatial structure of the errors in the finite difference method applied
to the example in Section 3.4.

factor of 4 when N is doubled. The exact relationship between truncation error
and solution error is derived in Section 3.7 where we prove convergence of the
method. Note that we have chosen to measure the error in the maximum norm

‖U‖∞ := max
i
|Ui|

in this case. Other norms could have been used and for some types of problems,
other norms are more appropriate.

3.5 Derivation of FD formulae

In this section, we prove the result (2). We begin with Taylor’s Polynomial
Approximation Theorem:

Theorem 2 If f(x) is Cn+1 in a neighbourhood of a then if x is in that neigh-
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bourhood,

f(x) = f(a)+f ′(a)(x−a)+
1
2
f ′′(a)(x−a)2+· · · 1

n!
f (n)(a)(x−a)n+

1
(n + 1)!

f (n+1)(θ)(x−a)n+1

for some θ ∈ (a, x).

Here, the value of f(x) is approximated by information at x = a. The first n+1
terms in the expression above are the n’th order Taylor Polynomial approxima-
tion of f based at x = a and the last term is a remainder term, the error in the
approximation. In case you have never seen the proof of this theorem, I will
show the n = 1 case (linear approximation) in Section 3.5.1 below. We can use
the Theorem to verify the properties of D2:

D2ui =
ui−1 − 2ui + ui+1

h2
(let a = ih)

=
1
h2

(u(a− h)− 2u(a) + u(a− h)) (use the Theorem)

=
1
h2

(
u(a)− hu′(a) +

h2

2
u′′(a)− h3

6
u′′′(a) +

h4

24
u′′′′(θ1)

−2u(a) + u(a) + hu′(a) +
h2

2
u′′(a) +

h3

6
u′′′(a) +

h4

24
u′′′′(θ2)

)
where θ1 ∈ ((i− 1)h, ih) and θ2 ∈ (ih, (i+1)h). Continuing with the expression
above, we have the desired expression

D2ui = u′′(a) +
h2

12
(u′′′′(θ1) + u′′′′(θ2)) /2

= u′′(a) +
h2

12
u′′′′(θ)

for some θ ∈ (θ1, θ2) ⊂ ((i− 1)h, (i + 1)h) where in this last step, we have used
the intermediate value theorem.

This shows that the D2 stencil has the desired properties. We could have
found the coefficient values in the stencil starting with the same machinery.
Taking the Ansatz

D2ui = αui−1 + βui + γui+1

and wanting D2ui to be u′′(ih) with a small truncation error leads to the fol-
lowing requirements for the coefficients when ui−1 and ui+1 are expanded in
Taylor polynomials as above:

O(1) terms: α + β + γ = 0
O(h) terms: −hα + hγ = 0

O(h2) terms: h2α/2 + h2γ/2 = 1.

This is a linear system that can be solved for α = 1/h2, β = −2/h2, γ = 1/h2.
Note that the O(h3) term also cancels with these parameters. It is typical for
centred difference approximations of even derivatives that they have order of
accuracy one order higher than “expected”.
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3.5.1 Proof of Theorem 2, n = 1 case

We will use Rollé’s Theorem from first year calculus:

Theorem 3 If f is differentiable in (a, b) and continuous in [a, b] and f(a) = 0
and f(b) = 0 then

f ′(θ) = 0

for some θ ∈ (a, b).

Consider the n = 1 (linear) Taylor Approximation of Theorem 2 at a specific
point x = b. Then consider the function

q(x) = f(x)− L(x)− f(b)− L(b)
(b− a)2

(x− a)2

where L(x) = f(a) + f ′(a)(x − a) is the linear approximation. We want to
investigate f(b) − L(b), the error of the linear approximation at x = b. This
is a constant that appears in the q(x) function above. Note that q(a) = 0 and
q(b) = 0 so using Rollé we know that q′(θ1) = 0 for some θ1 ∈ (a, b). Also,
q′(a) = 0 so using Rollé again we have q′′(θ) = 0 for θ ∈ (a, θ1) ⊂ (a, b). We can
compute

q′′(x) = f ′′(x)− 2
f(b)− f(a)

(b− a)2

so q′′(θ) = 0 gives

f(b)− L(b) =
f ′′(θ)

2
(b− a)2,

the desired result.

3.6 Direct Solution of Sparse Linear Systems

Consider the structure of the nonzero entries of the matrix A in the discrete
problem (5) shown in figure 4. A matrix such that

|Aii| >
∑
j 6=i

|Aij |

for every row i is said to be strictly diagonally dominant. Our matrix A has
this property. It can be shown that Gaussian elimination can be applied to such
matrices stably (that is, without significant growth of floating point round-off
errors) without pivoting. It can be seen that Gaussian elimination and back
substitution can be done for the system (5) with a finite number of operations
per row independent of the number of rows. The structure of the LU decompo-
sition of A is shown in figure 6. The total operation count to find the solution
is O(N), that is the operations are bounded by a constant times N . Thus a
direct solver applied to this problem taking into account the sparsity of A has
optional complexity.

8



Figure 6: Structure of the LU decomposition of the matrix A.

Note: This is close to the ideal example for sparse numerical linear algebra.
The matrix A is (almost) narrowly banded, is diagonally dominant, is symmet-
ric and positive definite. We will see that the situation for discretizations in
higher dimensional problems is not as ideal. Still, it is possible now to solve 3D
problems of modest size with direct solvers on basic computers.

3.7 Convergence Proof

We came up with our discrete scheme (4) by neglecting a small truncation error
in relationships the exact solution at the grid points satisfy (3):

AU = F

Au = F + τ

where τi = h2u(4)(θi)/12 are the truncation errors at every grid point. As
discussed above, the truncation errors go to zero as h → 0 (the definition of
a consistent scheme). The vector of errors in the computed solutions at grid
points is

E = U− u.

For this linear problem, we can take the difference of the two equations above
to obtain

AE = τ or E = A−1τ. (6)

Note: We haven’t shown yet that A is invertible (but our numerical implemen-
tation suggests it is for all h) and in practice we would never compute the full
matrix A−1. This is just a representation for the theory.

Considering (6) we see that with τ small, E will be small as long as multi-
plying by A−1 does not increase its size by more than a constant (independent
of h). Formally, we want to have the following property:

‖A−1b‖∞ ≤ C‖b‖∞ (7)
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for all b with C independent of h. Here,

‖b‖∞ := max
i=1,...N

|bi|

is the maximum norm of vectors. For fixed h we can define

‖A−1‖∞ := max
b 6=0

‖A−1b‖∞
‖b‖∞

.

This is known as an induced matrix norm. The value ‖A−1‖∞ is the smallest
value C for fixed N such that (7) holds for all b. The property we are looking
for is then that

sup
h
‖A−1‖∞

is finite. This property defines maximum norm stability of the scheme. Showing
stability of numerical schemes in general is quite difficult, but easy for this
particular scheme. Consider the left hand equation of (6) where we look back
to (4) to see the details of the matrix A:

−D2Ei + aEi = τi

− 1
h2

Ei−1 + (
2
h2

+ a)Ei −
1
h2

Ei+1 = τi. (8)

Suppose that the maxi |Ei| is attained at an index j and that Ej > 0. Thus,
Ej−1 ≤ Ej and Ej+1 ≤ Ej and thus

2Ej − Ej+1 − Ej−1 ≥ 0

When this used in (8) we find that

aEj ≤ τj or Ej ≤
1
a
|τj |.

Since ‖E‖∞ = Ej we have

‖E‖∞ ≤ 1
a
‖τ‖∞.

Since E = A−1τ we have shown the maximum norm stability of the scheme. If
‖E‖∞ is attained at an index j where Ej < 0, a similar argument applies.

Recall that τi = h2

12 u(4)(θi) for some θi ∈ ((i− 1)h, (i + 1)h) so

‖τ‖∞ ≤ ‖u‖C4

12
h2.

using Theorem 1 we have

‖τ‖∞ ≤ K‖f‖C2

12
h2.

Using the stability result we derived,

‖E‖∞ ≤ K‖f‖C2

12a
h2. (9)
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This proves the convergence of the scheme since as h → 0, ‖E‖∞ → 0. With
‖E‖∞ < Ch2 we say that the convergence is second order.

The analysis leading to the convergence result above is an example of the
Lax Equivalence Theorem for linear problems, often stated informally as

Consistency + Stability = Convergence

Note that in (9) that if ‖f‖C2 is large (i.e. f is highly oscillatory) then h must
be quite small to make the errors small. This makes sense: to resolve oscillatory
behaviour, a fine grid is needed.

3.8 von Neumann Analysis

Consider again our discretization of Problem 1,

AU = F, A = −D2 + aI.

It is possible to show the stability of the scheme in other norms. Here, we will
consider the l2 norm, also known as the energy norm or the (scaled) Euclidean
norm

‖b‖2 :=

√√√√h

N∑
i=1

|bi|2. (10)

Note that the scaling by h is such that if bi = C for all i, then ‖b‖2 = C
for every N (h) since N = 1/h. Also, this makes the norm analogous to the
continuous energy norm for the space of functions L2:

‖f‖L2 =

√∫ 1

0

|f(x)|2dx.

The discrete l2 norm (10) can be seen as an approximation (trapezoidal rule) of
the continuum norm.

3.8.1 Discrete Fourier vectors

To proceed, we introduce the complex valued Discrete Fourier (DF) vectors fα:

fα,j = e2πiαjh.

To clarify the labelling, fα is a vector with N complex components for every
α = 0, . . . N − 1. The N components are indexed by j above and the i is the
pure imaginary unit. The set {fα} is a basis of CN , orthonormal in the inner
product that corresponds to the l2 norm:

(a,b) := h

N∑
j=1

ajb
∗
j

so (a,a) = ‖a‖22
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Since the DF vectors are a basis, we can write any vector as a linear combination
of these vectors, that is

a = â0f0 + â1f1 + . . . + âN−1fN−1

for ! coefficients â, the scaled DF transform of a. We are pursuing some theoret-
ical properties here, but there are practical situations where â is desired and it
can be computed efficiently using the Fast Fourier Transform algorithm. Since
{fα} is an orthonormal basis,

‖a‖2 = ‖â‖2. (11)

3.8.2 Application to discretizations

It can be shown that the DF vectors are always the complete set of eigenvectors
of any linear, constant coefficient, periodic, finite difference discretization on a
uniform grid. As an example, this will be shown explicitly for our discretization
of Problem 1.

D2fα,j =
1
h2

(fα,j−1 − 2fα,j + fα,j+1)

=
1
h2

e2πiαjh
(
e−2πiαh − 2 + e2πiαh

)
=

2
h2

(cos(2παh)− 1)fα,j .

Thus
D2fα =

2
h2

(cos(2παh)− 1)fα

and
Afα = λαfα

with λα = 2
h2 (1 − cos(2παh)) + a. The set of the eigenvalues {λα} of A cor-

responding to the DF vectors is called the symbol of A. Consider again our
discretization:

AU = F.

We can write it in terms of the the DF components

Ûα =
1
λα

F̂α

where we have gained considerable insight from diagonalizing the problem. The
eigenvalues λα are all positive and ≥ a so

|Ûα| ≤
1
a
|F̂α| for every α

⇒ ‖Û‖2 ≤
1
a
‖F̂‖2

⇒ ‖U‖2 ≤
1
a
‖F‖2

12



using (11). This shows the l2 norm stability of the scheme. Applying the same
result to AE = τ shows the l2 convergence of the scheme,

‖E‖2 ≤ Ch2

using the bounds on the truncation error τ from the previous section. Note that
a (sub-optimal) maximum norm convergence result can be derived from this,
since

h|Ei|2 ≤ h

N∑
j=1

|Ej |2 := ‖E‖22 ≤ (Ch2)2 for each i

⇒ |Ei|2 ≤ C2h3 for each i

⇒ ‖E‖∞ ≤ Ch3/2

So from von Neumann analysis we can show that scheme does converge in max-
imum norm, but at the non-optimal rate of 3/2. We know from our numerical
test that second order accuracy is maximum norm is observed and confirmed
that in our first, maximum norm, stability analysis.

Remark: Sometimes there is a gap between what can be proved and the actual
behaviour of the method.

3.9 Implementing Boundary Conditions

Consider Problem 1 in the interval [0,1], but with local boundary conditions
specified at the ends x = 0 and x = 1 rather than periodic conditions. Possible
conditions for this problem at x = 0 are

u(0) = a, a given (Dirichlet) (12)
u′(0) = a (Neumann) (13)

u′(0)− αu(0) = a, α > 0 given (Robin). (14)

Similar conditions can be given at x = 1. For (14) at x = 1, α < 0 for physically
stable models. In this setting with a uniform grid with spacing h = 1/N we will
in general have N + 1 discrete unknowns U0, U1, . . . UN at x = 0, h, . . . 1. If we
have Dirichlet conditions at both interval ends, we can apply U0 = a directly,
and the same for UN . The value of U0 only appears in the stencil at grid point
1:

D2U1 =
U0 − 2U1 + U2

h2
=
−2U1 + U2

h2
+

a

h2
.

In the implementation, the first two terms of the right expression above become
part of the matrix A and the last term contributes to the right hand side vector.
In this case, the end point values have been eliminated and the system to be
solved is of size N − 1.
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Figure 7: Grid points near the x = 0 boundary.

3.9.1 First derivative approximations

To proceed to the other conditions (Neumann and Robin) we need to discuss
finite difference approximations of the first derivative.

D+Uj :=
Uj+1 − Uj

h
= u′(jh) +

h

2
u′′(jh) + . . . (forward differencing, first order)

D−Uj :=
Uj − Uj−1

h
= u′(jh)− h

2
u′′(jh) + . . . (backward differencing, first order)

D1Uj :=
Uj+1 − Uj−1

2h
= u′(jh) +

h2

6
u′′′(jh) + . . . (centred differencing, second order)

D̃+Uj :=
− 3

2Uj + 2Uj+1 − 1
2Uj+2

h
= u′(jh) +

h2

3
u′′′(jh) + . . . (second order forward differencing)

Notice that although both D1 and D̃+ are second order accurate, D̃+ has a larger
error constant. Note also that D1 = 1

2 (D+ + D−) and that this combination
cancels the first order error terms.

3.9.2 Implementing Neumann conditions

Consider now implementing the Neumann condition (13). There are several
approaches. Since implementing boundary conditions is often a source of con-
fusion, I will go through some of the options in detail. In what follows, refer to
Figure 7 for the numbering of the unknowns.

U0 equation for Neumann condition: In this scenario, U0 remains an un-
known and we use an approximation of the Neumann condition for its
corresponding discrete equation. Using first order differencing

D+U0 :=
U1 − U0

h
= a

leads to approximate values that are only first order accurate at all grid
points. We can easily maintain global second order accuracy by using

D̃+U0 = a (15)

instead.
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U0 eliminated using one sided differencing: We notice again that U0 only
appears in the U1 equation and so we can use (15) to eliminate it:

D2U1 :=
U0 − 2U1 + U2

h2

=
2
3 (2U1 − 1

2U2 − ha)− 2U1 + U2

h2

=
2(U2 − U1)

3h2
− 2a

3h
(16)

However, (16) can cause some confusion since the truncation error in (15)
is second order but (16) is only first order accurate. Analytically, (16) is
the right way to view the system since the corresponding (N +1)×(N +1)
matrices are max-norm stable.

Introduce the ghost point U−1: You can also introduce the ghost point U−1

as shown in Figure 7. Consider U−1 to approximate the solution extended
from the interior to x = −h using a Taylor polynomial of high enough
order. The Neumann condition u′(0) = a can then be approximated by

D1U :=
U1 − U−1

2h
= a.

This equation and U−1 can be added to the system or U−1 can be elim-
inated using this condition as done above. This approximation has a
smaller truncation error constant than the second order one-sided ap-
proach and so is preferred.

Robin conditions can be implemented in a similar manner.

3.9.3 Implementing boundary conditions for staggered grid discretiza-
tions

We can consider approximate values at subinterval centres rather than subinter-
val ends. For second order methods, this is equivalent to considering unknowns
that are the integral average of the unknown function over the subinterval (the
basis of finite volume methods). Values on this grid near the x = 0 boundary
are shown in Figure 8. Here, a ghost value is needed even for a Dirichlet con-
dition, which is then approximated to second order using linear interpolation
(averaging):

U1/2 + U−1/2

2
= a approximates u(0) = a

and short centred differencing is used for a Neumann condition

U1/2 − U−1/2

h
= a approximates u′(0) = a.

Note that this approximation has a dominant truncation error term of h2

24 u′′′(0).
This is the most accurate second order way to approximate Neumann conditions
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Figure 8: Staggered grid points near the x = 0 boundary.

in this finite difference framework. As discussed above, these equations can be
incorporated into a matrix of the discretization A, or the ghost value U−1/2 can
be eliminated.

3.10 Asymptotic Error Analysis

Our convergence proof for the discretization of the periodic problem showed
that

‖E‖∞ ≤ Ch2

where E = U− u. Computationally, we saw that in fact

Ei = c(ih)h2 + o(h2)

with an underlying smooth function c(x) independent of h. Above, o(h2) (notice
the lower case o) is a quantity smaller than any constant times h2 as h → 0.
For smooth data f this result is not hard to show and the remainder term o(h2)
is O(h4). Let us see what c(x) would have to be to have the property

Ui = u(ih) + c(ih)h2 + . . . (17)

This is known as an asymptotic error expansion. Plug this into the discrete
equations −D2Ui+aUi = Fi and use the remainder terms for the approximation
for D2 we derived in Section 3.5:

−u′′ − h2

12
u′′′′ + O(h4)− h2c′′ + au + ah2c = f (18)

where these terms are all evaluated at x = ih. If (18) is to hold for all h, then
the coefficients of powers of h must match:

O(1) : −u′′ + au = f with u periodic (19)

O(h2) : −c′′ + cu =
1
12

u′′′′ with c periodic. (20)

Equation (19) is satisfied by the exact solution. We don’t have to actually solve
(20) but we do know that this problem has a smooth solution c(x). Note that
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c(x)h2 is the dominant error term (17) and from (20) we see that c(x) is the
response of the system to a RHS that is the truncation error. This makes sense.

All of this may seem like formal so far, but now consider

Ẽ = U− (u + h2c).

We have
AẼ = O(h4)

using (19) and (20). Using the stability result for A from Section 3.7 we have

Ẽ = O(h4).

This shows that (17) is accurate to fourth order, the desired result.
There are several consequences of the result

U = u + h2c + O(h4)

with c(x) smooth, independent of h:

Richardson Extrapolation: This justifies Richardson extrapolation

Ũh :=
4
3
Uh/2 −

1
3
Uh = u + O(h4)

where in the expression above Uh is a coarse grid computation and Uh/2

are values from a fine grid (refined by a factor of 2) computation taken at
coarse grid points. Note that this is not an efficient way to make a fourth
order method. In addition, it is not reliable since not all schemes have
regular errors like this one.

Discrete Smoothness: This result also shows that derivative approximations
converge with full order. Consider our basic estimate

U = u + O(h2).

If we were interested in values of the first derivative of the solution, we
would compute

D1U = D1u + O(h) = u′ + O(h)

where the order of h is lost because we divide the O(h2) by h when we
apply D1 and we have not taken into account the structure of the O(h2)
term. However, if we know the asymptotic error result applies

U = u + h2c + O(h4)

with c(x) smooth then we see that

D1U = D1u+ h2D1c+ O(h3) = u′ + h2(c′ +
1
6
u′′′) + O(h3) = u′ + O(h2)

and we see convergence order preserved for derivatives. In Finite Element
Method (FEM) literature, this “unexpected” increase in convergence order
is sometimes called “superconvergence” (although this term also has other
meanings).
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Discrete Embedding: An asymptotic error expansion can also overcome de-
ficiencies in the stability analysis using weak norms. Consider the con-
version of the l2 estimate to the maximum norm estimate considered in
Section 3.8. Following that argument with

Ẽ := U− (u + h2c) = O(h4)

gives

‖Ẽ‖∞ ≤ Ch7/2

‖E− h2c‖∞ ≤ Ch7/2

‖E‖∞ = O(h2)

where in the last step we have used the triangle inequality.

The existence of regular asymptotic error behaviour (and so all the results above)
relies on the problem having smooth solutions and being computed on a reg-
ular (structured) grid. This shows one of the advantages of using structured
meshes. In addition, discretizations on structured meshes are more efficiently
implemented, especially on specific computational architectures like Graphical
Processing Units (GPUs). However, structured meshes restrict local adaptivity
and do not apply in a straightforward way to general problem geometries in
higher dimensions.
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Introduction to Scientific Computation: Time

Stepping Methods for Initial Value Problems

Brian Wetton ∗

October 9, 2014

1 Initial Value Problems

We will consider time stepping schemes for general ODE initial value problems
for u(t):

du

dt
= f(u(t), t) , u(0) = u0 given. (1)

We will consider this general form for scalar u when we assess the accuracy of
time-stepping schemes, but all the schemes considered will be applicable to the
vector u case. It is the general form since, as discussed last lecture, higher order
DEs and higher order systems can always be converted to first order systems.
We will also consider the simple scalar problem

du

dt
= λu , u(0) = 1. (2)

with λ a given complex constant to investigate the stability of time stepping
schemes.

We will often use Newton’s notation for time derivatives:

du

dt
:= u̇,

d2u

dt2
:= ü, etc.

2 Basic Time Stepping Schemes and Ideas

Consider approximating u(t) on a regular grid in time with interval size k = ∆t.
We will use superscripts for the time level index (since later we will look at PDE
problems where we will discretize in space and time).

Un ≈ u(nk).

∗wetton@math.ubc.ca
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The simplest method for approximating solutions to (1) is the Explicit Euler
(Forward Euler) method:

Un+1 = Un + kf(Un, nk). (3)

We call this scheme a one-step method since the value of the approximation at
time level n determines the values at time level n + 1. This is a convergent
scheme with first order convergence: If the solution of (1) is well defined in
[0, T ] and (3) is used with N time steps of size k = T/N then

|u(T )− UN | = O(k).

Note that if the exact solution is put into (3) we get an expression for the
truncation error from linear Taylor approximation, since f(u(nk), nk) = u̇(nk):

u((n + 1)k)− u(nk)− kf(u(nk), nk) =
k2

2
ü(ξ)

for some ξ ∈ (nk, (n+1)k). Thus, the local error (after one time step) is O(k2).
It makes sense that the error after O(1/k) times steps is first order, O(k). The
local error is usually written as kτ , where τ is the truncation error. For the
Forward Euler method,

τ =
k

2
ü(ξ). (4)

Theorem 1 (ODE Theory) If f(u, t) ∈ Cn with n ≥ 1, then the solution
u(t) of (1) exists, is unique and in Cn+1 in a neighbourhood of t = 0.

Theorem 2 (Dahlquist) Any “reasonable” one-step time stepping method con-
verges to the exact solution at times for which it is defined with an order of
convergence equal to the order of the truncation error.

Here, “reasonable” means that the scheme is consistent and has a very basic sta-
bility property. Since all of the schemes we will discuss below are “reasonable”,
this theorem does not help us choose a scheme suitable for a specific problem.

Consider the FE scheme (3) applied to the scalar problem (2). The exact
solution is

u(t) = eλt

and the discrete solution satisfies U0 = 1, Un+1 = (1 + kλ)Un, so

Un = (1 + z)n , with z = kλ.

It is clear that the so-called Growth Factor G(z) = 1 + z for the scheme should
approximate ez when z is small, as it does.

We consider the set of complex z such that |G(z)| ≤ 1. This is known as the
stability region of the method. For FE,

|G(z)| = |1 + z| ≤ 1

2



Figure 1: Stability region for Forward Euler time stepping.

is a circle of radius 1 in the complex plane, centred at z = −1 as shown in
Figure 1. Note that if λ is real and negative, the exact solution decays in time,
but the FE approximation will only decay if

|z| = |kλ| < 2 , that is k < 2/λ. (5)

This does not violate Dahlquist’s theorem above, since as k → 0, (5) is eventually
satisfied.

3 Higher order and implicit methods

A second order explicit method called Improved Euler is given below:

U∗ = Un + kf(Un, nk)

Un+1 = Un +
k

2
(f(Un, nk) + f(U∗, (n + 1)k)) .

This is a two-stage method, with two evaluations of the right hand side function
f and U∗ is the value at the intermediate stage. However, since Un does deter-
mine Un+1 it is still a one-step method. It is one of a family of second order
Runge-Kutta methods. It can be written more compactly:

Un+1 = Un +
k

2
(f(Un, nk) + f(Un + kf(Un, nk), (n + 1)k)) . (6)

From this form, the truncation error can be identified:

τ =
1
k

[
un+1 − un − k

2
(fn + f(un + kfn, (n + 1)k))

]
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where un := u(nk) and fn := f(un, nk) = u̇(nk). We can expand all variables
in Taylor series at t = nk, to obtain

τ =
1
k

[
ku̇ +

k2

2
ü +

k3

6
d3u

dt3
− k

2
u̇− k

2

(
u̇ + k(fuf + ft) +

k2

2
(fuuf2 + ftt + futf)

)
+ O(k4)

]
where all functions are evaluated at t = nk and u = u(nk). Starting with
u̇ = f(u, t) it can be shown that

ü = fuf + ft

and
d3u

dt3
= fuuf2 + 2futf + (fu)2f + fuft + ftt.

Using the first of the results above, we see that τ is second order

τ = k2

(
1
6

d3u

dt3
− 1

4
(fuuf2 + ftt + futf)

)
+ O(k3).

Note that the dominant error term in the truncation error is not a simple time
derivative of u as it was for the FE method. This has implications for error
estimation in adaptive methods as we shall see in later discussion.

We can consider the stability of the Improved Euler scheme by considering
the form (6) with f(u, t) = λu, giving

Un+1 = (1 + z +
z2

2
)Un

which defines a growth factor G(z) = 1 + z + z2/2. The stability region, {z :
|G(z)| ≤ 1} is shown in Figure 2. As with FE, it is seen that IE is not suitable
for problems that have λ with a large negative real part. Such problems are
called stiff problems. We give a more complete definition below.

Definition 1 (Stiff ODE systems) Solutions of a well-behaved ODE system
can be multiplied by e−βt with some β > 0 so that they are bounded. The value of
β can always be chosen and time scaled so that the resulting transformed system,
when linearized around desired solutions, has O(1) eigenvalues (components that
evolve on an O(1) time scale). A system is called stiff if the linearization of this
transformed system also has eigenvalues of large size.

Theorem 3 (Dahlquist) The stability region of every explicit scheme is bounded.

From this, it can be seen that no explicit scheme is suitable for stiff problems.
There are two properties we would like to have for a time-stepping scheme

for stiff problems, summarized in the following definitions.

Definition 2 (L-stability) A time-stepping scheme is called L-stable if |G(z)| <
1 for all z with <(z) < 0. That is, the stability region contains the left half plane.
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Figure 2: Stability region for Improved Euler time stepping (inside the curve
shown). This is computed by setting G(z) = eiθ for a grid of θ points and
plotting the roots of the quadratic.

Definition 3 (A-stability) A time-stepping scheme is called A-stable if

G(z) → 0 as <(z) → −∞.

This matches the property that G(z) should approximate ez.

Important Note: In some literature, the “A” and “L” definitions are reversed!
There were two groups that could not agree on notation. I like “L” for left half-
plane and “A” for asymptotic.

From Theorem 3 we see that no explicit scheme is L-stable or A-stable. Thus
we turn to implicit schemes. The simplest scheme of this type is the Backward
Euler scheme:

Un+1 = Un + kf(Un+1, (n + 1)k).

It is called an implicit method because Un+1 is specified by an implicit relation-
ship above. A linear or nonlinear system must be solved for Un+1 at every time
step. It is a first order method with truncation error

τ = −k

2
ü(ξ) (7)

for some ξ ∈ (nk, (n + 1)k). It has growth factor

G(z) =
1

1− z

and so has a stability region that is outside the unit circle centred at z = 1 as
shown in Figure 3. From the form of G(z) above and the shape of the stability
region, it is clear that BE is both L-stable and A-stable. Thus, it is suitable for
application to stiff problems.
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Figure 3: Stability region for Backward Euler time stepping.

4 Higher Order Implicit Schemes

We consider four higher order implicit schemes, each with some advantages and
some disadvantages.

4.1 Trapezoidal Rule

We consider the Trapezoidal Rule

Un+1 = Un +
k

2
(
f(Un, nk) + f(Un+1, (n + 1)k)

)
and the Implicit Midpoint Rule

Un+1 = Un + kf((Un+1 + Un)/2, (n + 1/2)k).

These are different schemes but become identical when applied to constant coef-
ficient, linear, autonomous problems. They have the same dominant error term
and the same growth factor and stability regions. When the Trapezoidal Rule is
applied to diffusion problems, it is also known as the Crank-Nicholson method,
and this name is sometimes used for the approach applied to other problems.

The growth factor is

G(z) =
1 + z/2
1− z/2

Here, the stability region is exactly the left half plane, and the method is thus
L-stable. However,

G(z) → −1 as <(z) → −∞.
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so the method is not A-stable. Care should be used in the application of the
method to stiff problems since components that should almost decay to zero
in one time step instead just oscillate in sign. On the other hand, it does have
desirable properties: L-stable, second order with a small error constant, one-step
and one-stage.

4.2 Second Order Backward Differentiation Formula (BDF2)

This is a multi-step method, involving the values of two previous time steps, Un

and Un−1. The first step, U1, can be computed with BE without loss of overall
accuracy.

Un+1 =
4
3
Un − 1

3
Un−1 +

2k

3
f(Un+1, (n + 1)k)

It is based on the second order, one sided difference formula we derived earlier
in the course

u̇((n + 1)k) ≈ 3Un+1 − 4Un + Un−1

2k
.

It has truncation error

τ =
2
9
k2 d3u

dt3
(ξ)

with ξ ∈ ((n − 1)k, (n + 1)k). To analyze the stability, consider the method
applied to (2):

Un+1 =
4
3
Un − 1

3
Un−1 +

2
3
zUn+1

or
(1− 2z

3
)Un+1 − 4

3
Un +

1
3
Un−1 = 0.

For a given z, this is a second order constant coefficient difference equation with
solution

Un = AGn
1 + BGn

2 (8)

for some constants A and B and G1(z), G2(z) roots of

(1− 2z

3
)G2 − 4

3
G +

1
3

= 0.

It is important to clarify that the superscript n for U in (8) is the time level,
but for G1 and G2 it is an exponent. The stability region for two-step schemes
is

{z : |G1(z)| < 1 and |G2(z)| < 1}

The stability region for BDF-2 is shown in Figure 4. It is clear that it is L-stable.
Since

G1,2 =
2
3 ±

√
4
9 −

1
3 (1− 2z/3)

1− 2z/3
(9)
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Figure 4: Stability region for BDF-2 (outside the curve shown). This is
computed by setting G(z) = eiθ for a grid of θ points and plotting z =
3/2− (2G− 1/2)/G2.

it is also clear that the scheme is A-stable (|G1,2| = O(|z|−1/2) in the limit
|z| → ∞). Considering (9) in the limit as z → 0 (think of fixed λ, k → 0), we
have

G1 ≈ 1 , G2 ≈
1
3
.

The term Gn
2 appears as an initial layer that accounts for the error from the

initialization procedure for U1.

4.3 Second Order Diagonally Implicit Runge-Kutta (DIRK2)

This is a one-step, two-stage implicit method:

U∗ = Un + kαf(U∗, (n + α)k)
Un+1 = Un + k

(
αf(Un+1, (n + 1)k) + (1− α)f(U∗, (n + α)k)

)
.

with α = 1−
√

2/2. The term “diagonal” applies since each stage is only implicit
in the value at that stage. It is both A-stable and L-stable. Since it is a one-step
method, adaptive methods for time step size are more easily implemented than
for BDF-2. Over one time step, it is more accurate than BDF-2 under certain
assumptions (the error terms are not directly comparable in general). However,
taking into account the fact that BDF-2 has one implicit solve per time step
and DIRK-2 has two, BDF-2 is more efficient for fixed time step computations.
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4.4 Radau II-A

This is a third order, two stage method that is both L-stable and A-stable.

U∗ = Un + k

(
5
12

f(U∗, (n + 1/3)k)− 1
12

f(Un+1, (n + 1)k)
)

Un+1 = Un + k

(
3
4
f(U∗, (n + 1/3)k) +

1
4
f(Un+1, (n + 1)k)

)
.

Note that this scheme is implicit in both U∗ and Un+1 simultaneously.

5 Adaptive Time Stepping

We discuss adaptive time stepping with a particular, simple example. Consider
applying BE to a problem and wanting to make the local error at each time step
smaller than a user defined tolerance δ. The local error is (7):

kτ = −k2

2
ü(ξ1) ≈ −k2

2
ü(nk)

The local error for FE (4) is

kτ =
k2

2
ü(ξ2) ≈

k2

2
ü(nk)

So, if we compute the FE solution UFE as well as the BE solution Un+1, the
local error E in Un+1 is approximately

E ≈ 1
2
|Un+1 − UFE |.

Note that UFE is cheap to compute (an explicit method) and may be useful as
a good initial guess for iterative solvers for Un+1. The value of UFE is not used
in subsequent calculations, so there is no stability problem.

From the value of E computed above, we would make some decisions about
the step from tn to tn+1 = tn + k:

If E > δ: We would fail the time step and recompute Un+1 with a reduced time
step k.

If E ≤ δ: We would accept the time step and would compute a new time step
k so that E ≤ δ would be likely to be satisfied again. Since

E ≈ Ck2
old

(with C ≈ |ü(tn)|/2) and we want E ≤ δ we could take knew with

Ck2
new ≈ E

k2
old

k2
new ≤ δ.

9



In practice, the formula

knew = θkold

√
δ/E

is used, with θ < 1 a computational parameter, a “safety” factor. I typi-
cally use θ = 0.8. There is also typically a limit on how much k is allowed
to increase. On a failed step for which E is not that much bigger than
δ, the formula above can also be used. On a “bad” failure, k is typically
reduced drastically (i.e. by a factor of two).

Note that higher order single step methods have more complicated error struc-
ture. For these methods, typically higher order methods are used to assess ac-
curacy of lower order methods. For example, MATLAB’s ode45 explicit solver
uses a fifth order Runge-Kutta method to assess the accuracy of a fourth order
one. It uses the Dormand-Prince pair, which is a six stage method carefully
chosen so that the same function evaluations are used for both methods.

6 Butcher Tables

The coefficients of one-step methods can be represented in Butcher Tables. The
general s stage method (s function evaluations) is given by

Un+1 = Un +
s∑

i=1

biKi

Ki = kf

Un +
s∑

j=1

aijKj , tn + cik


The constants in the general method above can be entered into a table:

c1 a11 a12 · · · a1s

c2 a21 a22 · · · a2s

...
...

. . .
...

cs as1 as2 · · · ass

b1 b2 · · · bs

An explicit method has zeros in the diagonal of A and above. A diagonally
implicit method has non-zeros on the diagonal but zeros above. The tables for
some of the schemes discussed in this section are given below:

Improved Euler:

0 0 0
1 1 0

1/2 1/2
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DIRK-2: with α = 1−
√

2/2
α α 0
1 1− α α

1− α α

Radau IIA:

1/3 5/12 −1/12
1 3/4 1/4

3/4 1/4

11



Spectral Methods

We consider our 1D elliptic model problem again:

Au := −uxx + u = f (1)

with x ∈ [0, 1] and u periodic. The continuous fourier transform for 1-periodic func-
tions is given by

ûα = F(u) =
∫ 1

0
u(x) e−2πiαx dx (2)

with inverse

u(x) =
∞∑

α=−∞
ûαe

2πiαx. (3)

Note that {e2πiαx} is an orthonormal set in L2 norm and spans L2 and

‖u‖2 =
∞∑

α=−∞
|ûα|2.

Also, these functions are eigenfunctions of A, i.e.

A e2πiαx = (4π2α2 + 1)e2πiαx.

That A has a complete set of orthogonal functions is not such a surprise - since A
is symmetric and positive definite (A is unbounded which makes the proof of this a
little more difficult).

An expression for the solution to (1) can be found easily by decomposing f into
spectral representation, i.e. we can find F(f), then ûα = f̂α/(4π

2α2 + 1) and u(x)
can be found by the inverse transform.

spectral methods

The idea of spectral methods is to use a finite number of terms in the expansion (3).
We will use an approximation

U(x) =
N/2∑
−N/2

ûαe
2πiαx.

where we use

ûα =
f̂α

4π2α2 + 1

with the exact f̂α for now. This is a functional approximation just like the FE one.
We can ask how close U is to the exact u in some convenient norm. For this problem,
all norms are convenient. We’ll use the L2 norm here and notice that

‖U − u‖2 =
∑

|α|>N/2
|ûα|2 =

∑
|α|>N/2

|f̂α|2/(4π2α2 + 1)2 (4)

1



since the coefficients for small α are the same. We assume that f ∈ C∞ (periodic)
and derive the following simple estimate:

|f̂α| = |
∫ 1

0
f(x)e−2παx dx|

= |
∫ 1

0

f ′(x)

−2πiα
e−2παx dx|

≤ B/|α|

where B = max |f ′|/(2π). We repeat integration by parts to get

|f̂α| ≤ Bj/|α|j (5)

where Bj = max |f (j)/(2π)p. This shows that if f is smooth, then |f̂α| decays rapidly
with |α|. Returning to the error equation (4) we see that

‖U − u‖2 =
∑

|α|>N/2
|f̂α|2/(4π2α2 + 1)2

≤
(

Bj

(N/2)j

)2 ∑
|α|>N/2

1

(4π2α2 + 1)2

≤ (Cj/N
j)2

for all j where Cj depends only on the size of the derivatives of f up to order j (note
that this estimate is not sharp). Thus we have

‖U − u‖ ≤ Cj/N
j (6)

for all j. Recall the estimate for a second order FE approximation:

‖Uh − u‖ ≤ Ch2.

For higher order (q) methods, we will see higher order convergence

‖Uh − u‖ ≤ Chq

but q is still fixed. Considering (6) we see that spectral methods are asymptotically
more accurate that any FE or FD method since they converge faster than any power
of h = 1/N . This type of convergence (6) is called spectral convergence. Remember
that this estimate only holds for smooth data f .

Aliasing and Pseudo-Spectral Methods

The only thing we don’t like about the spectral method described above is the po-
tentially laborious calculation to accurately compute f̂α from the integrals (2) and
the evaluation of U(x) at desired points from the summation (3) (recall this summa-
tion has only finite terms for U). The way to get around this problem is to use the
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inverse FFT to evaluate the approximation on a uniform grid with N grid points -
this procedure is fast and exact. We can also use the FFT to approximate the fourier
coefficients f̂α from a vector of values Fi = f(ih) on N grid points. The details are
presented below.

Recall that the DFT is given by

Ûα =
1

N

N−1∑
k=0

Uke
−2πikα/N .

and the inverse is given by

Uk =
N−1∑
α=0

Ûαe
2πikα/N . (7)

Note that different scalings from the original scalings have been used here. We will
first deal with some technical details. Note that the sum above goes from 0 to
N − 1 but the spectral method provides us with ûα for |α| ≤ N/2 (this makes more
sense because the smaller |α| are the significant ones). However, if we evaluate the
functions e2πiαx and e2πi(α+N)x only at the points xk = k/N on the grid, we cannot
distinguish them. Therefore, we can easily relabel the summation in (7) to go from
α = −N/2 + 1, . . . N/2 where

Ûα ∼ ûα for α = −N/2 + 1, . . . N/2− 1

and
ÛN/2 ∼ û−N/2 + ûN/2. (8)

No information has been lost in (8) because these two modes are indistinguishable
on the grid. Whatever we do with the N/2 coefficient is not that important since
we expect it to be very small (remember the fast decay for large α). However, it is
sometimes useful to consider this term in the form (8), i.e. so that spectral evaluations
of first derivatives of real f stay real. Using the above values of Û , the inverse FFT
can be used to evaluate the function U on the grid points exactly.

To approximate f̂α for |α| ≤ N/2 we follow the same plan. We get the vector
F by evaluating f on the grid points and then compute F̂ by the inverse FFT and
identify

F̂α ∼ f̂α for α = −N/2 + 1, . . . N/2− 1

and
F̂N/2 ∼ f̂−N/2 + f̂N/2. (9)

It is easy to show that in fact

F̂α =
∞∑

l=−∞
f̂α+Nl. (10)

This is not surprising since we cannot distinguish between the α, α+N , α+ 2N , etc.
modes on the grid. The effect in (10), where high frequency information is seen as
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low frequency information, is called aliasing. Using the decay of the coefficients (5)
it can be shown that

|F̂α − f̂α| ≤ Cj/N
j (11)

for |α| ≤ N/2 − 1 and all j. A similar bound can be made for the N/2 term. With
the F̂ values we can compute

Ûα = F̂α/κα

for α = −N/2 + 1, . . . N/2 where κα is the corresponding eigenvalue 4π2α2 + 1.
Note that this approximation is consistent with (8) and (9) since κ−N/2 = κN/2.
Now, the values of U can be evaluated on the grid as described above. This is a
fast (O(N logN)) method called the pseudo-spectral method which is also spectrally
accurate as shown below.

We consider pointwise errors rather than L2 errors this time.

|u(x)− U(x)| = |
∞∑

α=−∞

f̂α
κα
−

N/2∑
α=−N/2

F̂α
κα
|

≤
N/2∑

α=−N/2
|f̂α − F̂α|+

∑
|α|>N/2

|f̂α|.

The second term decays spectrally as before and so does the first using (11). Thus
we have

|u(x)− U(x)| ≤ Cj/N
j

for all j and all x. We write ‖u− U‖∞ ≤ Cj/N
j. As before, the estimates above are

not sharp.

Problems with Variable Coefficients

We now apply a spectral method to the 1D analogue of M3:

−uxx + b(x)u = f

with b(x) = (2+cos(cos(2πx)) and u 1-periodic. This is a symmetric, positive definite
problem which has a complete set of eigenfunctions as before. However, we do not
want to use these functions as our basis because we don’t know them and we won’t
have a fast transform technique to do the conversion from a grid representation to a
spectral one. Therefore, we will continue to use the Fourier basis from before.

Note 1 (Terminology) A spectral method does not mean we always use a spectral
representation of the problem. It means we are using a representation that will give
us spectral accuracy.

We first develop infinite conditions that the exact solution u must satisfy. By
taking the transform of the original problem we get

4π2α2ûα + b̂uα = f̂α.
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However,

b̂uα =
∞∑

n=−∞
b̂nûα−n

so the FT does not diagonalize the problem effectively (this should not be expected
since the fourier terms are not eigenfunctions).

A true spectral method (a Galerkin method) can be derived by assuming ûα = 0
for |α| > N/2 and then projecting the resulting equations on to the corresponding
finite dimensional space (just like FE). The resulting equations for Ûα for α ≤ N/2
are

(−4π2α2I +B)Ûα = f̂α

where the matrix B is full (with the b̂ terms from the truncated convolution). Solving
this system directly will be slow, because full matrix methods must be used. Although
solving the method iteratively by the CG method is possible (the matrix is symmetric
and positive definite), it will be slow because multiplication by B will be slow.

We can speed up this process, however, by evaluating BÛ approximately (in the
pseudo-spectral sense which will introduce aliasing). Recall that BÛ approximates

b̂u. Therefore, we could compute Ui by inverse FFT, multiply pointwise by bi and
then compute the inverse transform. This approximation is equivalent to replacing
the matrix B by

FB̃F−1

where B̃ is a diagonal matrix representing the pointwise multiplication. The resulting
system is

A3Û := (Ξ + FB̃F−1)Û = FF (12)

where Ξ is a diagonal matrix with entries 4π2α2 and it is assumed that f̂ is approx-
imated pseudospectrally. Note that A3 is a symmetric (since F−1 = F∗ where ∗
denotes complex transpose) and positive definite since B̃ and Ξ have positive entries.
It is also possible to evaluate A3 quickly so a CG method can be applied. In this case,
preconditioning by the inverse of the pseudospectral approximation of the constant
coefficient case described above should again prove effective.

Note 2 (Don’t need A sparse for CG) This example shows that a matrix does
not have to be sparse to make CG an efficient technique. In fact, our matrix A3 was
dense, but we could still evaluate it quickly. For another interesting example of this
phenomenon, see [3].

Note 3 (Notation) Since almost all practical methods involve pseudo-spectral eval-
uation of coefficients and interpolation, the “pseudo” is being dropped from these
methods and they are usually called simply spectral methods.

5



Be Careful with Boundaries

What about domains with boundaries? We consider a 1D analogue of M1

−uxx = f

with u(0) = u(1) = 0. The eigenfunctions of this problem are {sin(nπx)} with cor-
responding eigenvalues n2π2. Since these correspond to the basis of the fast sine
transform, it seems to be a suitable basis for a spectral method. We consider com-
puting the problem with f ≡ 1 (smooth), giving u(x) = −x2/2 + x/2 (also smooth).
However, the coefficients in the sine series for f

f̂n =
√

2
∫ 1

0
f(x) sin(nπx)dx

decay only like n−1. The corresponding solution u has sine coefficients û that decay
only like n−3. Thus, the “spectral” approximation of this problem described above
will have errors of size h3 = 1/N3, i.e. errors no better than a third order FD or FE
method.

In this case, the eigenfunctions are a poor choice for the basis functions for a
method. A more appropriate choice would be the Chebyshev polynomials (using fast
interpolation on an irregular grid of points). The details are given in the references.

References

[1] Canuto, C. et. al., Spectral Methods in Fluid Dynamics.

[2] Gottlieb, D. and Orszag, S., Numerical Analysis of Spectral Methods.

[3] Rokhlin, V., “Rapid Solution of Integral Equations of Classical Potential The-
ory,” JCP 60, 187-207 (1983).
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MATH 405/607E, Fall 2014, Wetton
Assignment #1 - due Thursday, September 25

Instructions: Do all questions in part A. Do one question in part B.

Part A Do all 8 questions. For part A questions, it is not necessary to be
completely rigorous mathematically.

A1. We considered the matrix operator norm in lecture #1

‖A‖∞ := max
x6=0

‖Ax‖∞
‖x‖∞

where the vector norm

‖x‖∞ := max
1≤i≤n

|xi|

and n is the number of components of x with A n×n. It can be shown
that

‖A‖∞ = max
i

n∑
j=1

|aij|

(the maximum of the absolute row sums). Show that if

|bij| < C|aij|

for all i and j and a given constant C > 0, then

‖B‖∞ ≤ C‖A‖∞

A2. Find a formula involving the entries of a square matrix A for ‖A‖1, the
matrix operator norm corresponding to the vector norm

‖x‖1 :=
n∑

i=1

|xi|.

A3. Find the root of the following system near (1,1) (x = 1 and y = 1)
with four decimal place accuracy. Use Newton’s method and (1,1) as
an initial guess. Indicate the number of iterations taken to reach the
residual tolerance you specify. Include a print-out of your code.

f(x, y) = x2y5 − x5y2 + exy−1

g(x, y) = xy3 + x2y2 + x3y − 3



A4. Using equally spaced (distance h) function values f(−2h), f(−h), f(0),
f(h), and f(2h), derive:

(a) a second order accurate approximation for f ′′′(0)

(b) a fourth order approximation for f ′′(0)

A5. How many terms of the Taylor series for tanh based at x = 0 need to
be taken to guarantee an accuracy of 0.001 for all x ∈ [0, 1/2]?

A6. Consider the Babylonian strategy to find square roots of numbers in
the range [1,4]. Assume that the iterations start with x0 = 1. Give
the number of iterations necessary to give the result to an accuracy of
0.001 for all values in the interval.

A7. The function tanh x can be approximated by the bilinear function

B(x) =
x

1 + x
.

Note that B matches the value and derivative of tanh at x = 0 and the
behaviour as x → ∞. Determine the maximum error in this approx-
imation for all x > 0. Consider a more generalized approximation of
the form

P (x) =
C0 + C1x + C2x

2

1 + A1x + A2x2

where C0, C1, C2, A1, A2 are constants. Determine values for these
constants so that P (x) has a smaller maximum error to tanh x for
x > 0 than B(x). Describe the reasoning for your choice of coefficients
and how you determined them.

A8. Consider a cubic polynomial approximation based on function values
and function second derivative values at the end-points of subintervals.
Show that such an approximation is fourth order accurate.

A9. Derive a sixth order accurate Gaussian quadrature formula using func-
tion evaluations at three points.

Part B. Do one question. Be as rigorous as you can for these questions.

B1. Implement a spectral approximation for ecos x on the interval [0, 2π].
Observe the interpolation errors to the value at x =

√
2 as h → 0

(N →∞). Describe your approach but do not include code.



B2. Implement a function that returns the value of J0(x) (the Bessel func-
tion of first kind of order zero) accurate to 6 digits for x ∈ [0, 10]. Your
function can have stored, pre-computed values, but otherwise can in-
volve only arithmetic computations. Describe your approach but do
not include code.

B3. Consider the matrix norm below

‖A‖∗ := max
i,j
|aij|.

Decide whether this is a matrix operator norm, that is whether or not
there is a vector norm ‖x‖∗ such that

‖A‖∗ = max
x6=0

‖Ax‖∗
‖x‖∗

.

If the result is true, describe the vector norm ‖x‖∗.

Part C. Challenge question. Not for marks, just “glory”.

Consider the set of 10 × 10 invertible matrices whose entries are restricted
to the integer values 0 to 9. Find the matrix in this set that has the largest
condition number (based on the maximum norm). Prove your result.





















MATH 405/607E, Fall 2014, Wetton
Assignment #2 - due Tuesday, October 14

Instructions: Do all questions in part A. Do one question in part B.

Part A Do all 5 questions. For part A questions, it is not necessary to be
completely rigorous mathematically.

A1. Show that

D+Fi =
Fi+1 − Fi

h

D−Fi =
Fi − Fi−1

h

are first order accurate approximations of the first derivative. These
are called forward and backward differences.

A2. (review) Find the exact solution of

−u′′ + u = x with u(0) = 0 and u′(0) = −u.

Hint: Use the Method of Undetermined Coefficients.

A3. Modify the posted MATLAB code to approximate the boundary value
problem in A2. Compare computed solutions to the exact solution and
confirm second order convergence. Do not hand in code but describe
how you implemented the right boundary condition and the details of
your numerical convergence study.

A4. Consider the boundary value problem

−u′′ + u = f(x)

with u 2π-periodic in x. Consider approximating the problem with
the fourth order accurate approximation of the second derivative from
Assignment #1, question A4b. Analyze the stability of the scheme
using Von Neumann Analysis.

A5. Consider the cubic approximation from Assignment #1, question A8,
on the reference interval y ∈ [0, 1]. Show that first derivatives approx-
imated using the cubic polynomial at y = 0 are third order accurate
when the interval is mapped to one of length h. Hint: consider

q(y) = f(y)− C(y)− (f ′(0)− C ′(0))(y − 2y3 + y4)



Part B. Do one question. Be as rigorous as you can for these questions.

B1. Consider the following problem for u(x), x ∈ [0, 1] where u can be
discontinuous at x = 1/2. Using the MATLAB routine bvp4c, find the
smallest non-zero value of λ (an eigenvalue) such that

−u′′ + u = λu

at all x 6= 1/2 with u not identically zero that satisfies

u′(0) = 0 (1)

u′(1) = 0 (2)

u′(1/2−) = u(1/2+)− u(1/2−) (3)

u′(1/2+) = u(1/2+)− u(1/2−) (4)

where the subscripts ± mean right and left limits. It is not necessary
to show code for this question but describe the formulation you used
for this problem and how you implemented it in the MATLAB routine.
Note: If you are not using MATLAB but can find a general boundary
value problem solver in a library or want to write your own that is fine.

B2. We proved that on the interval x ∈ [0, 1] when f ∈ C2 that

f(x)− I(x) =
1

2
f ′′(ξ)x(1− x)

where I is linear interpolation for some ξ ∈ [0, 1]. In the argument
ξ depends on x so we can consider ξ(x) for a particular choice of ξ
when there is more than one for some x values. Show that ξ(x) can
be chosen to be a measurable function. In particular, it can be chosen
to be piecewise continuous (that is, continuous except at a countable
number of points where right and left continuity holds).

B3. Consider a finite difference scheme for the periodic boundary value prob-
lem

−u′′ + u = f(x)

based on values of u on a grid with spacing h. The values of f on the
grid are known (the vector F) and the values U on the grid are the
unknowns. The values of U and F correspond to values of u′′ on the



grid using the differential equation. Thus, we can construct a cubic
approximation of u on each subinterval using Assignment #1, question
A8. The equations for U are that the first derivatives at subinterval
end-points must match between adjacent subintervals. Derive an ex-
plicit formula for these equations in terms of U and F. Analyze the
stability and accuracy of the resulting scheme.
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MATH 405/607E, Fall 2014, Wetton
Assignment #3 - due Thursday, October 30

Instructions: Do all questions in part A. Do one question in part B. For
students in Math 607, complete the project proposal in part C.

Part A Do all 5 questions. For part A questions, it is not necessary to be
completely rigorous mathematically.

A1. Show that the DIRK-2 method in the class notes is second order accu-
rate.

A2. Show that the DIRK-2 method in the class notes is A-stable.

A3. Consider the third order backward differentiation formula (BDF-3) method:

11

6
Un − 3Un−1 +

3

2
Un−2 − 1

3
Un−3 = kf(Un, tn)

Plot the stability region of the method. Determine whether the method
is L-stable.

A4. Implement the Forward Euler scheme on the problem u(t) with

ü + u = 0

with initial conditions u(0) = 1, u̇(0) = 0, written as a first order
system. The exact solution is u(t) = cos t. Observe the convergence of
the scheme at t = 8π.

A5. In problem A4 above, the exact solution satisfies

ü2 + u2 ≡ 1

for all time (this can be shown analytically). How does this quantity
vary in time in your scheme from A4? Based on the stability region
for FE and the eigenvalues of this problem written as a system, why
would you expect this behaviour? Do any of the schemes considered
in the lecture notes preserve this identity exactly? (either discuss why
they don’t or find one that does).



Part B. Do one question. Be as rigorous as you can for these questions.

B1. Consider the Forward Euler scheme applied to the general, scalar prob-
lem

u̇(t) = f(u(t), t)

with u(0) = u0 given initial data. Assume that f ∈ C2 and that the
solution is defined up to time t = T . Prove first order convergence of
the scheme at time T .

B2. Show that the Radau IIA method in the class notes is indeed third order
order, L-stable and A-stable.

B3. Implement an adaptive time stepping method based on Backward Euler
(using Newton’s method to solve the implicit problem) with a Forward
Euler predictor as discussed in the class notes. The implementation
should be as a function call, with inputs the initial conditions, a func-
tion that returns the values and derivatives of the right hand side, a
vector of times at which the solution is required, and a local tolerance
δ. Your output should be the solution vector at the desired times. Your
implementation should be able to handle vector problems. Test your
code out on several problems. Do not hand in your code, but show the
errors for your test cases and how they behave as δ is decreased.

Part C: project proposal
Make a 2 page (strict maximum) proposal of your planned project, which
can either be a longer proof or a computation of an applied problem. In your
proposal, state clearly the theorem you want to prove or give some details of
the application you are interested in. In either case, give a rough outline of
your approach. Identify clearly three stages for the project: the first stage of
a simple warm-up problem (plan zero), the second (plan A) which you are
quite sure you can do, and then (plan B) the more difficult problems you
will tackle if part A goes well. Your proposal is worth 5/20 of the marks for
the project. Based on your proposal, I can verify that your proposed plan
A results would give you a good mark if completed. As I mentioned at the
beginning of the term, I would be happy if your project overlapped with your
research work.



















MATH 405/607E, Fall 2014, Wetton
Assignment #4 - due Thursday, November 13

Instructions: Do all questions in part A. Do one question in part B.

Part A Do all 5 questions. For part A questions, it is not necessary to be
completely rigorous mathematically.

A1. Consider the heat equation for u(x, t) with u 1-periodic in x:

ut = uxx with initial conditions u(x, 0) = u0(x) given.

The exact solution obeys a maximum principle, that is u(x, t) ≤ maxx u0(x)
for all x and t. Show that this property also holds for finite difference
discretizations of this problem when FE time stepping (with k < h2/2)
or BE time stepping is used.

A2. Consider the Lax Wendroff scheme applied to the one-way wave equa-
tion ut = ux:

Un+1 = Un + kD1U
n +

k2

2
D2U

n

where solutions are 1-periodic in x. Consider the scheme with k = Ch
with 0 < C < 1. Show that it is second order accurate. Note that this
is not a MOL scheme. Hint: You will have to differentiate the partial
differential equation with time to match some of the terms.

A3. Show that the method above is stable as long as k < h. Hint: use
von-Neumann analysis.

A4. Consider the following scheme for ü = f(u):

Un+1 = Un + k

(
V n +

k

2
f(Un)

)

V n+1 = V n +
k

2

(
f(Un) + f(Un+1)

)
.

Show that the method is second order accurate. Note that it is a
non-standard explicit scheme, specialized to this particular problem
structure.



A5. Consider the following scheme for the 1D wave equation utt = uxx:

1

k2
(Un+1

j − 2Un
j + Un−1

j ) =
1

h2
(Un

j+1 − 2Un
j + Un

j−1).

What time step restrictions are needed for the scheme to be stable?

A6. Describe a test problem with an exact solution for the 1D wave equation
with nontrivial initial conditions for u(x, 0) and ut(x, 0). Test out the
scheme in A5 on your test problem and observe the convergence rate.
You will need to find a strategy to initialize the value U1. Discuss your
approach and results but do not submit your code.

Part B. Do one question. Be as rigorous as you can for these questions.

B1. Consider a vector of values U of a smooth function u(x) on a grid with
spacing h:

Uj = u(jh).

Let S be the operator that shifts values of U to the left

(SU)j = Uj−1.

Show that for any p (
1

h

p∑
m=1

1

m
(I − S)m

)
U

gives values of u′ on the grid, with errors O(hp).

B2. Write a MATLAB function adint that does local adaptive quadrature.
The function should have four arguments: the function name of the
user defined function to be integrated, the end point values a and b of
the interval of integration, and the desired accuracy δ of the result. The
routine should have two outputs: the estimated value of the integral
and the number of total function evaluations used. For this problem,
e-mail the MATLAB code to me. You will be marked on how well the
method works on test problems I pick. That is, whether it does achieve
the target accuracy and whether it is reasonably efficient.



B3. Consider the heat equation ut = uxx for u(x, t) with u 1-periodic in x
and smooth initial conditions u0(x). Show the convergence in maxi-
mum norm of a numerical scheme using standard, second order finite
differences in space and FE time stepping with k = θh2 with θ < 1/2.















MATH 405/607E, Fall 2014, Wetton
Assignment #5 - due Thursday, November 27

Instructions: Do all questions in part A. Do one question in part B.

Part A Do all 4 questions. For part A questions, it is not necessary to be
completely rigorous mathematically.

A1. Consider the following problem for u(x), 1-periodic in x:

u′′′′ + u = f(x)

and its discretization on a uniform grid with spacing h:

D4U = F

where D4 = D2D2, explicitly:

D4Uj =
1

h4
(Uj−2 − 4Uj−1 + 6Uj − 4Uj+1 + Uj+2) .

Show (using von Neumann analysis) that the discretization is stable in
scaled Euclidean (l2) norm.

A2. Show that if Jacobi iterations are applied to the discretization in #A1
above, that undamped (ω = 1) iterations do not converge, but that
damped iterations with ω = 1/2 do converge and have a smoothing
property.

A3. Find the eigenvalues analytically of the two grid operator M2 from the
Day 19 notes, page 6. Note that the Discrete Fourier vectors are not
(quite) the eigenvectors of that matrix.

A4. Implement the discretization of the 2D problem described in pages 1-3
of the Day 18 notes. Submit a contour plot of the solution you compute
with N = 64 and

f = ecos(2πx)+y
(
−y2 − 3y + 4π2(sin2(2πx)− cos(2πx))(y − y2)

)



Part B. Do one question. Be as rigorous as you can for these questions.

B1. Find a third order quadrature method on the unit equilateral triangle
Ω using three points. That is, find 3 points (xi, yi) and weights wi such
that ∫

Ω
p(x, y)dA =

3∑
i=1

wip(xi, yi)

for all polynomials p(x, y) of degree 2. Hint: look for some symmetry
and assume that the weights are all the same (one third of the triangle
area). Bonus points: find a fourth order quadrature method for this
domain (that is, exact for polynomials up to degree 3) with positive
weights. You will need more than 3 points to do this).

B2. Implement (code yourself) a two-grid solver for #A4 and show that
it converges independent of h. Bonus points: implement a multi-grid
solver for this problem and give evidence that it converges independent
of the finest grid spacing h.

B3. Use the MATLAB pdetool to compute the solution of

∆u = −1

with u = 0 on the boundary of the 2D domain that is the union of
the unit square [0, 1]2, the circle of radius 1/2 centred at (1,1/2) and
the triangle with vertices (0,0), (0,1) and (-1,1/2). Your answer to this
question is the contour plot of your approximate solution.
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Name: Student #:

Math 405/607 Midterm, Fall 2014

Instructions:

• No notes, no calculators.

• Show all work. Justify your answers.

• Do all four questions in part A. Do one question in part B.

• All questions worth 5 marks, total 25 marks.

part A: do all questions

Questions A1 and A2 concern the following non-standard quadratic approx-
imation on the reference interval[0, 1]:

f(y) ≈ Q(y) := f(0)(1− y2) + f ′(0)(y − y2) + f(1)y2

A1. For the approximation above

(a) [2 marks] If f(0) = 1, f ′(0) = 2 and f(1) = 4 what is the inter-
polant approximation Q(1/2)?

(b) [3] What properties specify the polynomial p(y) = y − y2 in the
expression above?
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f(y) ≈ Q(y) := f(0)(1− y2) + f ′(0)(y − y2) + f(1)y2

A2. Show that for every b ∈ (0, 1),

f(b)−Q(b) =
1

6
(b2 − b3)f ′′′(ξ)

for some ξ ∈ (0, 1).
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A3. Consider the nonlinear problem of u(x), with u 1-periodic:

−u′′ + u + u3 = f(x)

and its discretization on a uniform grid of N points with spacing h:

−D2Uj + Uj + U3
j = f(jh).

What are the entries of the N × N Jacobian matrix that corresponds
to this system?
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A4. The second order approximation of the fourth derivative on a uniform-
grid with spacing h is given by

D4Uj =
Uj−2 − 4Uj−1 + 6Uj − 4Uj+1 + Uj+2

h4

Show that the eigenvalues of D4 on periodic problems are non-negative.
Hints: use von Neumann analysis and the identity cos(2θ) = 2 cos2 θ−1.
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Part B: do either B1 or B2

B1. Consider the nonstandard quadrature rule∫ 1

−1
f(x)dx ≈ w1f(x1) + w1f(−x1) + w2f

′(x2)− w2f
′(x2).

It is nonstandard since in involves derivative values. Find relation-
ships between x1, x2, w1 and w2 so that the quadrature is sixth order
accurate.

B2. Consider standard quadratic interpolation on the reference interval y ∈
(−1, 1):

f(y) ≈ Q(y) := f(−1)(y2 − y)/2 + f(0)(1− y2) + f(1)(y2 + y)/2

(a) [2 marks] Show with an example that even if f(−1), f(0), and f(1)
are all positive, Q(y) can be negative for some values of y. (The
right picture would be enough here).

(b) [3] How could you modify the interpolation above so that if f(−1),
f(0), and f(1) were all positive, Q(y) would be positive for all y,
while maintaining the accuracy of quadratic interpolation? Hint:
what function always has positive values?

5
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The University of British Columbia

Final Examination - Dec 9, 2014

Mathematics 405/607

All Sections

Closed book examination. No calculators. Time: 2.5 hours

Special Instructions:

No books, notes, or calculators are allowed. Show all your work, little or no credit will be
given for a numerical answer without the correct accompanying work. Write your answers
in booklets provided.

Rules governing examinations

• Each candidate must be prepared to produce, upon request, a
UBCcard for identification.
• Candidates are not permitted to ask questions of the invigilators,
except in cases of supposed errors or ambiguities in examination
questions.
• No candidate shall be permitted to enter the examination room
after the expiration of one-half hour from the scheduled starting
time, or to leave during the first half hour of the examination.
• Candidates suspected of any of the following, or similar, dishon-
est practises shall be immediately dismissed from the examination
and shall be liable to disciplinary action.

(a) Having at the place of writing any books, papers
or memoranda, calculators, computers, sound or image play-
ers/recorders/transmitters (including telephones), or other mem-
ory aid devices, other than those authorized by the examiners.

(b) Speaking or communicating with other candidates.
(c) Purposely exposing written papers to the view of other can-

didates or imaging devices. The plea of accident or forgetfulness
shall not be received.
• Candidates must not destroy or mutilate any examination mate-
rial; must hand in all examination papers; and must not take any
examination material from the examination room without permis-
sion of the invigilator.
• Candidates must follow any additional examination rules or di-
rections communicated by the instructor or invigilator.
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Part A. Do all 9 questions. 5 marks each.

A1: Answer the following questions with a brief (one or two sentence) explanation of your
reasoning:

(a) [3 marks] A numerical method for ODE boundary value problems is tested with a
known solution using uniform step sizes h. The errors for several values of h are
given below. What is the convergence order of the method?

h Error
0.1 0.123
0.05 0.0156
0.025 0.00197

(b) [2] The solution of a nonlinear system is being found iteratively using Newton’s
method. A test problem with an exact solution is used to investigate the method.
Errors after several iterations are shown in the table below. Is the method working
properly?

iteration Error
4 0.895
5 0.448
6 0.224

A2: Consider the second order finite difference approximation of the second derivative:

D2Uj :=
1

h2
(Uj+1 − 2Uj + Uj−1)

where Uj are N values on a grid of the unit interval with equal spacing h (h = 1/N).
Use von Neumann analysis to find the eigenvalues of D2 when Uj values are taken to
be N -periodic. Note: You may have memorized this result, but show details of the
derivation for marks on this question.

A3: Consider a reaction diffusion problem for u(x, t) with u 1-periodic in x. It is discretized
with a finite difference method in space with spatial steps h and with backward Euler
method in time with steps k:

Un+1
j = Un

j + kD2U
n+1
j + kf(Un+1

j )

where Un
j ≈ u(jh, nk) and f(u) is a given function. Un+1 is vector with N components

(N = 1/h). At every time step, the equation above is a nonlinear system for Un+1 .
Write out the entries of the Jacobian matrix for this system. Note: some entries will
involve values of f ′.
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The questions A4, A5 and A6 below concern the following approximation of 1-periodic in
space solutions u(x, t) of the one-way wave equation ut + ux = 0:

Un+1
j = Un

j −
k

h
(Un

j − Un
j−1).

Initial data U0 are given. Time steps are taken proportional to space steps:

k = Ch

with C = 0.9.

A4: Show that the scheme satisfies a maximum principle, that is that

max
j

Un
j ≤ max

j
U0

j

for every n > 0.

A5: What is the order of the truncation error of the scheme?

A6: Consider the modified scheme

Un+1
j = Un

j −
k

h
(Un

j+1 − Un
j ).

with the same initial data and time steps. Use von Neumann analysis to show that
this scheme is not stable.

A7: Consider the following time stepping method for the problem u̇ = f(u, t):

Un+1 = Un +
k

2

(
3f(Un, nk)− f(Un−1, (n− 1)k)

)
Identify the order of the truncation error of the method. Other aspects of this method
are considered in problem B1.

A8: Consider approximating the function f(x) on the interval [-1,1] using a linear function
L(x) = Ax+B that agrees with f at two distinct points x1 and x2 in the interval, that
is L(x1) = f(x1) and L(x2) = f(x2). Show that

|L(x)− f(x)| ≤ CK2

where
K2 = max

x∈[−1,1]
|f ′′|

and C is a constant that depends on the choice of x1 and x2. Other aspects of this
approximation are considered in problem B2.
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A9: Consider the following problem for scalar functions x(t) and y(t):

dx

dt
= f(x, y) (1)

g(x, y) = 0 (2)

where the functions f and g are given. Initial values x(0) and y(0) are also given, that
satisfy equation (2).

(a) [3 marks] Describe a consistent numerical method for time stepping approximate
solutions Xn ≈ x(nk) and Y n ≈ y(nk), where k is given time step. It is desirable
that (2) be satisfied by the approximation, that is

g(Xn, Y n) = 0

to high accuracy (machine precision) at each n.

(b) [2] Describe how you would test your method above. Give enough detail that
someone could implement your test.

4



Part B. Do one of the following three problems. 5 marks

B1: Consider the time stepping method from A7, for approximating u̇ = f(u, t):

Un+1 = Un +
k

2

(
3f(Un, nk)− f(Un−1, (n− 1)k)

)
.

Determine what points (if any) on the negative real axis are in the stability region of
the method.

B2: Consider approximating the function f(x) on the interval [-1,1] using a linear function
L(x) = Ax + B that agrees with f at two distinct points x1 and x2 in the interval as
considered in A8. It was shown that

|L(x)− f(x)| ≤ CK2

where
K2 = max

x∈[−1,1]
|f ′′|

and C is a constant that depends on the choice of x1 and x2. Identify the values of x1

and x2 that make the constant C above as small as possible.

B3: Consider the following equation for u(x, t) defined on the real line x ∈ (−∞,∞):

utt − ut = uxx + f(x, t)

where the functions f(x, t), u(x, 0) and ut(x, 0) are given. These functions are zero
outside the x-interval [-1,1]. The solution satisfies (for each t):

lim
|x|→∞

u(x, t) = 0

(a) [3 marks] Describe a numerical scheme to approximate the solution of this problem.
Include details on how you will handle the infinite domain aspect of it.

(b) [2] Consider your scheme in the periodic domain setting. Use von Neumann anal-
ysis to determine the time step restrictions your method will have (if any).
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