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Office: MATX 1107
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Course Description:

Over the last few decades, finite element methods have emerged as the numerical solution methods
of choice for large classes of partial differential equations arising in fluid dynamics, solid me-
chanics, and electromagnetics. This course is an introduction to the mathematical theory of finite
element methods. We will introduce finite element discretizations for equations of various types
and discuss how these discrete problems can be solved efficiently. We will address mathematical
questions related to the concepts of consistency, stability, convergence, and error estimation. We
will further look at applications in fluid mechanics. Implementation will be done using MATLAB
or optionally with the freeware package DEAL-II.

The outline of the course is as follows:

e Finite element methods for boundary-value problems

e Nonlinear and time-dependent problems

e A-priori and a-posteriori error estimation

e Numerical Linear Algebra topics

e Mixed finite element methods for incompressible fluid flow problems

Text:
There will be no prescribed text, but there will be lecture notes available for most parts of the
course material. Some optional references will be listed.

Prerequisites:
Some undergraduate level training in at least one of: partial differential equations, analysis, or
numerical analysis.

Assessment:

There will be several challenging homework assignments involving both analysis and computa-
tion. In addition, students can choose whether to do a course project or have an oral final exam.
Assignments are worth 60% of the final grade, the project or oral exam 40%.
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1 Motivation

Many problems in Science, Engineering, and Finance involve the solution of
differential equations (DE). Often these problems cannot be solved analytically
but must be approximated numerically. This approximation must be done to a
certain precision that depends on the application. While the differential equa-
tions do not exactly describe the real system they model (there is a modelling
error) it is important to minimize the errors from the numerical approximation
to be able to confirm whether the underlying mathematical model is valid. This
is shown graphically in Figure 1.

2 A First DE Problem

Problem 1 Find u(x), x € [0,1] with u and its derivatives 1-periodic that
satisfies
—u" + au = f(x)

at every x where a is a given positive constant and f(x) is a given Co (periodic)
Sfunction.

Here, Cy (periodic) is the set of functions on the unit interval which have
continuous and 1-periodic derivatives up to second order. In general, we write
C,, for the set of functions that have continuous derivatives up to order n. These
functions have a norm

_ ()
Julle, = max maa,jut) (z)]

where u) denotes the j’th derivative of u. We will have other norms for func-
tions, so we will label the norm we are using unless it is completely clear.
We will use the following theorem
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Figure 1: Stages in computational modelling. By reducing numerical errors, a
clear picture of the model accuracy can be obtained.

Theorem 1 Problem 1 has a ! (unique) solution with w € Cy with the bound

lulle, < Kl flle.
for all given f € Cy for some K that depends on a but not f.

The inequality in the Theorem is known as an a-priori bound. For a given f we
don’t know the solution u but we know there will be a solution, there will only
be one solution, and it will have four continuous derivatives with size limited
by the derivatives up to second order of f.

3 Finite Difference Discretization

3.1 Discretization

Determining the solution u(x) of Problem 1 requires finding an infinite num-
ber of unknowns (the values of u at every point z in an interval). To proceed
computationally, we need to deal with only a finite number of unknowns (dis-
cretization). Let’s look first at a simple, Finite Difference (FD) discretization.
Let U;, i = 1,2,... N approximate u(z) at the ends of subintervals with length
h =1/N. That is
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Figure 2: Uniform grid in spatial discretization.
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Figure 3: Values used in the finite difference approximation of the second deriva-
tive.

This is shown in Figure 2. Using the periodicity of the problem, we would have
U():UN and UN+1:U1 (1)

Convention: In these notes, I will always use lower case letters for exact
solutions and upper case letters for numerically computed, approximate values.

3.2 Approximating Derivatives

Let us assume for the moment that we knew the exact solution, at least at grid
points. We can use the values u;_1, u; and u;11 to approximate u”(ih) with the
following formula:

Ui—1 — 2u; + Uit

h2
Dou; := 2 =" (ih) + Eu”"(é)) (2)

for some 6 € [(i—1)h, (i+1)h]. The geometry of this linear combination of values
is shown in Figure 3. The geometry and the weights of the linear combination
is called the stencil of the discrete approximation.

This can be derived in a number of ways, starting with Taylor Series. Two
approaches are described in section 3.5 below. The last term on the right is an
error term (we wanted u”(ih) but got that extra term as well). Since u"" is

bounded, we can guarantee answers as accurate as we want by taking h — 0
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Figure 4: Structure of the matrix .A.

(that is, by refining the grid). The term h? in the error makes this a second
order approximation.

3.3 Discrete Equations
Using the equation that u solves in Problem 1 we can write

h2
—Dou; + au; = f(ih) + D] u""(0) (3)

The last term above is again an error term. We call it the truncation error, the
residual when we put the exact solution into a discrete equation. The truncation
error goes to zero as h — 0. We say that the discrete equation is consistent. By
ignoring a small (as h — 0) residual, we could specify our discrete scheme for
the approximate values U;:

7D2UZ+CLU1:F1 forz:1,2,N (4)

where F; = f(ih) are given values. Note that (4) is a linear system with N
equations for N unknowns. The system can be written in vector form

AU=F (5)

where A is an N x N matrix with form shown in Figure 4. We will show below
that A is invertible, so the discrete scheme (4) has a solution U for every given
right hand side F for any h.

The matrix A has mostly zeros. As N — oo (h — 0) the fraction of non-
zeros decreases. We call such matrices sparse. However, A1 is not sparse. It
has no zero entries. This implies that all entries of F affect solution values at
all locations. This is characteristic of elliptic problems.



3.4 The Next Step: Test on a Known Problem

We have a scheme for our problem. The very next thing we should do is test out
the scheme on as simple a problem as we can that has a known solution. One
trick is to pick the exact solution u, put it into the DE, and whatever residual
there is call it f(z). We can then use the values of f on the grid (F) in the
discrete scheme and compute U. We can then compare U to the exact u at
grid points to see how accurate the scheme is at various grid resolutions. For
example, we could choose

u(x) — 6COSI

and find

f(z) = (a — sin® z + cos 2)e®***
where we have taken the periodic interval of Problem 1 to be [0, 2] instead of
[0,1] to make these expressions a little simpler. Choosing good test examples
is somewhat of an art. You want them to represent the type of problem you
are interested in, but much easier to compute (possibly lower dimensional) with
an exact solution you know. In some cases, it is not possible to find an exact
solution to a representative problem. In well established fields, there are of-
ten benchmark problems with high accuracy solutions you can use to test new
schemes. As you are picking test problems, make sure that the solutions you use
do not have zero values for the derivatives that compose the truncation error.
The scheme will behave anomalously (better than usual) on such problems.

In your test, you should see how errors behave as the grid is refined (by
factors of 2 for example, h = 1/10,1/20,1/40,...). There are three things to
look for:

1. As h — 0, do the computed values U tend to the exact u values? That is,
do the errors tend to zero? If so, we say that the scheme converges. The
computational test is not a proof of convergence, but is strong evidence
for it.

2. Is there any odd behaviour in the errors U — u? Odd behaviour could be
an indication of a program error or it might be just a characteristic of the
scheme. Odd error behaviours can be called numerical artifacts.

3. If the test case is (roughly) similar to problems you are actually interested
in, can you achieve the desired accuracy with an N (h) value that leads to
a computation that takes an acceptable length of time? If not, you should
spend some time exploring ways to make the computation more efficient
or more powerful computer architectures.

Testing the method on the test example above with exact solution with the
parameter a = 1 gives the results shown in Table 1. MATLAB code for this
computation is provided. Plots of the errors as functions of x for N = 40 and
N = 80 are shown in Figure 5. Note that the error in the computed solution
goes down by a factor of approximately 4 when N is doubled (h is halved).
This matches with our discussion above, where truncation error goes down by a



N EN :maxi|UZ- —’LL(Zh)‘ EN/EQN
10 6.71le-2 4.24
20 1.58e-2 4.05
40 3.90e-3 4.01
80 9.73e-3

Table 1: Errors in the finite difference method applied to the example in Sec-
tion 3.4.
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Figure 5: Spatial structure of the errors in the finite difference method applied
to the example in Section 3.4.

factor of 4 when N is doubled. The exact relationship between truncation error
and solution error is derived in Section 3.7 where we prove convergence of the
method. Note that we have chosen to measure the error in the maximum norm

U] = max [V

in this case. Other norms could have been used and for some types of problems,
other norms are more appropriate.

3.5 Derivation of FD formulae

In this section, we prove the result (2). We begin with Taylor’s Polynomial
Approximation Theorem:

Theorem 2 If f(x) is Cp41 in a neighbourhood of a then if x is in that neigh-



bourhood,
1

O

£(2) = f(a)+ ' (@)(w—a) b5 (@) (w—a)+ - ™ (a)(w—a)"+

for some 0 € (a,x).

Here, the value of f(z) is approximated by information at = a. The first n+1
terms in the expression above are the n’th order Taylor Polynomial approxima-
tion of f based at x = a and the last term is a remainder term, the error in the
approximation. In case you have never seen the proof of this theorem, I will
show the n =1 case (linear approximation) in Section 3.5.1 below. We can use
the Theorem to verify the properties of Ds:

Ui—1 — 2U; + Uy

Dou; = e (let a = ih)
1
= 2 (u(a — h) — 2u(a) + u(a — h)) (use the Theorem)
_ 1 / h2 1 h3 " h4 "
= (u(a)—hu(a)—l— 5 U (a) — g U (a)+24u (61)

h? h3 h*
—2u(a) + u(a) + hu'(a) + ?u”(a) + Fu’”(a) + 241/”'(92))

where 6, € ((i —1)h,ih) and 05 € (ih, (i +1)h). Continuing with the expression
above, we have the desired expression
h2
12
1 h2 "
= — 0
u'(a) + T u"(0)
for some 0 € (01,05) C ((i — 1)h, (i + 1)h) where in this last step, we have used
the intermediate value theorem.
This shows that the D5 stencil has the desired properties. We could have
found the coefficient values in the stencil starting with the same machinery.
Taking the Ansatz

Dou; = u(a) + = (u""(61) +u""(62)) /2

Douy = aui—1 + Bu; + yuigr

and wanting Dyu; to be u”(ih) with a small truncation error leads to the fol-
lowing requirements for the coefficients when w;_; and ;41 are expanded in
Taylor polynomials as above:

O(1) terms: a+pB+v=0
O(h) terms: —ha+hy=0
O(h?) terms: R*a/2 + h?y/2 = 1.
This is a linear system that can be solved for o = 1/h?, 3 = —2/h?, v = 1/h2.
Note that the O(h?®) term also cancels with these parameters. It is typical for

centred difference approximations of even derivatives that they have order of
accuracy one order higher than “expected”.



3.5.1 Proof of Theorem 2, n =1 case

We will use Rollé’s Theorem from first year calculus:

Theorem 3 If f is differentiable in (a,b) and continuous in [a,b] and f(a) =0
and f(b) = 0 then

f'®)=0
for some 0 € (a,b).

Consider the n = 1 (linear) Taylor Approximation of Theorem 2 at a specific
point = b. Then consider the function

where L(z) = f(a) + f'(a)(z — a) is the linear approximation. We want to
investigate f(b) — L(b), the error of the linear approximation at & = b. This
is a constant that appears in the ¢(x) function above. Note that ¢(a) = 0 and
q(b) = 0 so using Rollé we know that ¢’'(f1) = 0 for some 6; € (a,b). Also,
¢’ (a) = 0 so using Rollé again we have ¢ (0) = 0 for 0 € (a,6;) C (a,b). We can

compute ) ( )
1" — () — f) — fla

so ¢"(0) = 0 gives

the desired result.

3.6 Direct Solution of Sparse Linear Systems

Consider the structure of the nonzero entries of the matrix A in the discrete
problem (5) shown in figure 4. A matrix such that

Al > > Al

J#i

for every row 4 is said to be strictly diagonally dominant. Our matrix A has
this property. It can be shown that Gaussian elimination can be applied to such
matrices stably (that is, without significant growth of floating point round-off
errors) without pivoting. It can be seen that Gaussian elimination and back
substitution can be done for the system (5) with a finite number of operations
per row independent of the number of rows. The structure of the LU decompo-
sition of A is shown in figure 6. The total operation count to find the solution
is O(N), that is the operations are bounded by a constant times N. Thus a
direct solver applied to this problem taking into account the sparsity of A has
optional complexity.
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Figure 6: Structure of the LU decomposition of the matrix A.

Note: This is close to the ideal example for sparse numerical linear algebra.
The matrix A is (almost) narrowly banded, is diagonally dominant, is symmet-
ric and positive definite. We will see that the situation for discretizations in
higher dimensional problems is not as ideal. Still, it is possible now to solve 3D
problems of modest size with direct solvers on basic computers.

3.7 Convergence Proof

We came up with our discrete scheme (4) by neglecting a small truncation error
in relationships the exact solution at the grid points satisfy (3):

AU = F
Au = F+71

where 7; = h?u(®(6;)/12 are the truncation errors at every grid point. As
discussed above, the truncation errors go to zero as h — 0 (the definition of
a consistent scheme). The vector of errors in the computed solutions at grid
points is

E=U-u

For this linear problem, we can take the difference of the two equations above

to obtain
AE=7 or E=A"'7 (6)

Note: We haven’t shown yet that A is invertible (but our numerical implemen-
tation suggests it is for all h) and in practice we would never compute the full
matrix A~!. This is just a representation for the theory.

Considering (6) we see that with 7 small, E will be small as long as multi-
plying by A1 does not increase its size by more than a constant (independent
of h). Formally, we want to have the following property:

I A~ blloe < CIb]lo (7)



for all b with C independent of h. Here,

Iblloc := max[b|

is the maximum norm of vectors. For fixed h we can define

A_1b||
A_lm::maxu.
1A e == e =

This is known as an induced matrix norm. The value ||A~!|/, is the smallest
value C for fixed N such that (7) holds for all b. The property we are looking
for is then that

sup |4 |oo

is finite. This property defines mazimum norm stability of the scheme. Showing
stability of numerical schemes in general is quite difficult, but easy for this
particular scheme. Consider the left hand equation of (6) where we look back
to (4) to see the details of the matrix A:

—DyEi+ab; = 7
1 2 1

_ﬁEi—l + (ﬁ +a)E; — ﬁEiH = T (8)
Suppose that the max; |E;| is attained at an index j and that E; > 0. Thus,
E;_ <Ejand Ej;; < E; and thus
2, — Eji1 — Ej_1 >0
When this used in (8) we find that
aB; <1; or E;< ém\.
Since ||E||s = E; we have ,
IElloo < —lI7lloo-

Since E = A~'7 we have shown the maximum norm stability of the scheme. If
|E|| is attained at an index j where E; < 0, a similar argument applies.

Recall that 7; = ’f—;u(‘l)(ﬂi) for some 0; € ((i — 1)h, (i + 1)h) so

”7_”00 S Hu||c4 h2.
12
using Theorem 1 we have
K| flles , 2
< ——=2h"
Irlloe < =22
Using the stability result we derived,
K| fle
Blloe < =5, 1" (9)

10



This proves the convergence of the scheme since as h — 0, ||E|loc — 0. With
|E||s < Ch? we say that the convergence is second order.

The analysis leading to the convergence result above is an example of the
Lax Equivalence Theorem for linear problems, often stated informally as

Consistency + Stability = Convergence

Note that in (9) that if || f||c, is large (i.e. f is highly oscillatory) then h must
be quite small to make the errors small. This makes sense: to resolve oscillatory
behaviour, a fine grid is needed.

3.8 von Neumann Analysis

Consider again our discretization of Problem 1,

AU=F, A=-Dy+al.

It is possible to show the stability of the scheme in other norms. Here, we will
consider the Iy norm, also known as the energy norm or the (scaled) Euclidean
norm

bl :=

N
Ry il (10)
i=1

Note that the scaling by h is such that if b; = C for all 4, then ||b|ls = C
for every N (h) since N = 1/h. Also, this makes the norm analogous to the
continuous energy norm for the space of functions Ls:

1
1fllz, = /O|f(x)\2da:.

The discrete I3 norm (10) can be seen as an approximation (trapezoidal rule) of
the continuum norm.

3.8.1 Discrete Fourier vectors

To proceed, we introduce the complex valued Discrete Fourier (DF) vectors f,:
faj _ eQ'friajh.

To clarify the labelling, f, is a vector with N complex components for every

a=0,...N —1. The N components are indexed by j above and the ¢ is the

pure imaginary unit. The set {f,} is a basis of Cy, orthonormal in the inner

product that corresponds to the I3 norm:

N

(a,b) = hY_ a;b;
j=1
so (a,a) = a3

11



Since the DF vectors are a basis, we can write any vector as a linear combination
of these vectors, that is

a = &ofo + dlfl + ...+ dN—lfN—l

for ! coefficients a, the scaled DF transform of a. We are pursuing some theoret-
ical properties here, but there are practical situations where a is desired and it
can be computed efficiently using the Fast Fourier Transform algorithm. Since
{f,} is an orthonormal basis,

lall2 = [|al]2. (11)

3.8.2 Application to discretizations

It can be shown that the DF vectors are always the complete set of eigenvectors
of any linear, constant coefficient, periodic, finite difference discretization on a
uniform grid. As an example, this will be shown explicitly for our discretization
of Problem 1.

Dafa; = %(fa,jq = 2faj + fajt1)
_ %627”’04]'}1 (e=2rmioh _ g 4 c2miak)
= %(cos(%rah) — 1) fa,;-
Thus 5
Dof, = ﬁ(cos(%rah) - Df,
and

Af, = o1,

with Ao = 7% (1 — cos(2mah)) + a. The set of the eigenvalues {A\,} of A cor-
responding to the DF vectors is called the symbol of A. Consider again our
discretization:

AU =F.

We can write it in terms of the the DF components

where we have gained considerable insight from diagonalizing the problem. The
eigenvalues A, are all positive and > a so

U, < E|Fa| for every «

N 1 -
=[Ol < [l
1
= Ul < S[Fl

12



using (11). This shows the ls norm stability of the scheme. Applying the same
result to AE = 7 shows the Il convergence of the scheme,

IE[2 < Ch?

using the bounds on the truncation error 7 from the previous section. Note that
a (sub-optimal) maximum norm convergence result can be derived from this,
since

N
h|E;|* < hz |E;|? = ||E||3 < (Ch?)? for each i
j=1
= |E;|> < C*h? for each i
= ||Elle < CR?

So from von Neumann analysis we can show that scheme does converge in max-
imum norm, but at the non-optimal rate of 3/2. We know from our numerical
test that second order accuracy is maximum norm is observed and confirmed
that in our first, maximum norm, stability analysis.

Remark: Sometimes there is a gap between what can be proved and the actual
behaviour of the method.

3.9 Implementing Boundary Conditions

Consider Problem 1 in the interval [0,1], but with local boundary conditions
specified at the ends = 0 and x = 1 rather than periodic conditions. Possible
conditions for this problem at x = 0 are

u(0) = a, a given (Dirichlet) (12)
v (0) = a (Neumann) (13)
uw'(0) —au(0) = a, a >0 given (Robin). (14)

Similar conditions can be given at z = 1. For (14) at z = 1, a < 0 for physically
stable models. In this setting with a uniform grid with spacing h = 1/N we will
in general have N + 1 discrete unknowns Uy, Uy, ... Uy at £ =0, h,...1. If we
have Dirichlet conditions at both interval ends, we can apply Uy = a directly,
and the same for Uy. The value of Uy only appears in the stencil at grid point
1:
Uy — 2U, + Uy —2U71 + U, a
D2 Ul - h2 - h2 + ﬁ

In the implementation, the first two terms of the right expression above become
part of the matrix A and the last term contributes to the right hand side vector.
In this case, the end point values have been eliminated and the system to be

solved is of size N — 1.

13



Figure 7: Grid points near the x = 0 boundary.

3.9.1 First derivative approximations

To proceed to the other conditions (Neumann and Robin) we need to discuss
finite difference approximations of the first derivative.

= U h
D U; = M =/(jh) + 5u”(jh) + ... (forward differencing, first order)
D_U; := %;Eilf’(hfﬁ”'h backward differencing, first ord

_U; = o =u'(jh) 5 U (jh) + ... (backward differencing, first order)
DU;, = M =4 (ih h72 e tred diff : d ord

1U; = 57 =u'(jh) + 5 U (jh) + ... (centred differencing, second order)

3 1 2

. —3U; + 22U — LU, h
D U; = 2J ;:_1 29%2 W/ (jh) + gu”’(jh) + ... (second order forward differencing)

Notice that although both Dy and D are second order accurate, D has a larger
error constant. Note also that Dy = (D4 + D_) and that this combination
cancels the first order error terms.

3.9.2 Implementing Neumann conditions

Consider now implementing the Neumann condition (13). There are several
approaches. Since implementing boundary conditions is often a source of con-
fusion, I will go through some of the options in detail. In what follows, refer to
Figure 7 for the numbering of the unknowns.

Up equation for Neumann condition: In this scenario, Uy remains an un-
known and we use an approximation of the Neumann condition for its
corresponding discrete equation. Using first order differencing

Ui - U
D_;'_U()I:%:Cl

leads to approximate values that are only first order accurate at all grid
points. We can easily maintain global second order accuracy by using

D.Uy=a (15)

instead.

14



Uy eliminated using one sided differencing: We notice again that Uj only
appears in the U; equation and so we can use (15) to eliminate it:

Uy — 2U; + Uy
h2
2(2U;y — $Us — ha) — 2U;, + Uy
h2
2(U2 — Ul) 2a

= T mEa (16)

D2U1 =

However, (16) can cause some confusion since the truncation error in (15)
is second order but (16) is only first order accurate. Analytically, (16) is
the right way to view the system since the corresponding (N +1) x (N +1)
matrices are max-norm stable.

Introduce the ghost point U_;: You can also introduce the ghost point U_1
as shown in Figure 7. Consider U_; to approximate the solution extended

from the interior to x = —h using a Taylor polynomial of high enough
order. The Neumann condition u'(0) = a can then be approximated by
U, -U_
DlU = # =a

This equation and U_; can be added to the system or U_; can be elim-
inated using this condition as done above. This approximation has a
smaller truncation error constant than the second order one-sided ap-
proach and so is preferred.

Robin conditions can be implemented in a similar manner.

3.9.3 Implementing boundary conditions for staggered grid discretiza-
tions

We can consider approximate values at subinterval centres rather than subinter-
val ends. For second order methods, this is equivalent to considering unknowns
that are the integral average of the unknown function over the subinterval (the
basis of finite volume methods). Values on this grid near the z = 0 boundary
are shown in Figure 8. Here, a ghost value is needed even for a Dirichlet con-
dition, which is then approximated to second order using linear interpolation
(averaging):

Uyjo +U_

% = a approximates u(0) = a
and short centred differencing is used for a Neumann condition

Uyjp—U_

% = a approximates u'(0) = a.

Note that this approximation has a dominant truncation error term of g—zu’ (0).
This is the most accurate second order way to approximate Neumann conditions

15



Figure 8: Staggered grid points near the x = 0 boundary.

in this finite difference framework. As discussed above, these equations can be
incorporated into a matrix of the discretization A, or the ghost value U_; /5 can
be eliminated.

3.10 Asymptotic Error Analysis

Our convergence proof for the discretization of the periodic problem showed
that
|E[|oe < CR?

where E = U — u. Computationally, we saw that in fact
E; = c(ih)h? + o(h?)

with an underlying smooth function c¢(z) independent of h. Above, o(h?) (notice
the lower case o) is a quantity smaller than any constant times h? as h — 0.
For smooth data f this result is not hard to show and the remainder term o(h?)
is O(h*). Let us see what c¢(z) would have to be to have the property

U; = u(ih) + c(ih)h® + ... (17)

This is known as an asymptotic error expansion. Plug this into the discrete
equations —DsU; +alU; = F; and use the remainder terms for the approximation
for Dy we derived in Section 3.5:

h2
—u = "+ O(h') = W + au+ ah’c = f (18)

where these terms are all evaluated at = ¢h. If (18) is to hold for all A, then
the coefficients of powers of A must match:

O(1): —u" +au = f with u periodic (19)
1
O(h?) : —"+cu= Eu"" with ¢ periodic. (20)

Equation (19) is satisfied by the exact solution. We don’t have to actually solve
(20) but we do know that this problem has a smooth solution ¢(x). Note that

16



c(z)h? is the dominant error term (17) and from (20) we see that c(x) is the
response of the system to a RHS that is the truncation error. This makes sense.
All of this may seem like formal so far, but now consider

E=U— (u+hZc).

We have 3
AE = O(h%)

using (19) and (20). Using the stability result for A from Section 3.7 we have
E = O(h*).

This shows that (17) is accurate to fourth order, the desired result.
There are several consequences of the result

U=u-+h?c+O(h?)
with ¢(x) smooth, independent of h:

Richardson Extrapolation: This justifies Richardson extrapolation
~ 4 1 4
Uh = gUh/Q—gUh:u+O(h )

where in the expression above Uy, is a coarse grid computation and Uy, /o
are values from a fine grid (refined by a factor of 2) computation taken at
coarse grid points. Note that this is not an efficient way to make a fourth
order method. In addition, it is not reliable since not all schemes have
regular errors like this one.

Discrete Smoothness: This result also shows that derivative approximations
converge with full order. Consider our basic estimate

U=u+0(h?).

If we were interested in values of the first derivative of the solution, we
would compute
DlU = Dlu + O(h) = ll/ + O(h)

where the order of h is lost because we divide the O(h?) by h when we
apply D; and we have not taken into account the structure of the O(h?)
term. However, if we know the asymptotic error result applies

U =u+h?c+O(h?)
with ¢(z) smooth then we see that
1
1%U=Dm+ﬁpw+om%=w+m@w6wﬂ+om%:d+om%

and we see convergence order preserved for derivatives. In Finite Element
Method (FEM) literature, this “unexpected” increase in convergence order
is sometimes called “superconvergence” (although this term also has other
meanings).

17



Discrete Embedding: An asymptotic error expansion can also overcome de-
ficiencies in the stability analysis using weak norms. Consider the con-
version of the [y estimate to the maximum norm estimate considered in
Section 3.8. Following that argument with

E:= U — (u+ h%c) = O(h*)

gives
|Bll.e < Ch7/?
|E - h%|e < CH7/2
IEl = O(?)

where in the last step we have used the triangle inequality.

The existence of regular asymptotic error behaviour (and so all the results above)
relies on the problem having smooth solutions and being computed on a reg-
ular (structured) grid. This shows one of the advantages of using structured
meshes. In addition, discretizations on structured meshes are more efficiently
implemented, especially on specific computational architectures like Graphical
Processing Units (GPUs). However, structured meshes restrict local adaptivity
and do not apply in a straightforward way to general problem geometries in
higher dimensions.

18
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The Conjugate Gradient Method

Brian Wetton

November 13, 2010

Introduction to Numerical Linear Algebra

In these notes, we will consider the solution of the symmetric, positive definite linear
systems arising from a discretization of an elliptic problem. We will consider this in
the general form

AU =F

where h is considered to be a grid spacing parameter in the discretization. Although
this seems like a very different problem from what we considered earlier (analysing
the error from the discretization) it is still in the area of Numerical Analysis. A good
choice of solver is vital if we want to obtain numerical results in a reasonable time.

The two extremes in numerical solution techniques we’ve seen so far are fast trans-
form methods (extremely fast but very specialized) and full, direct solution (extremely
slow but very general). Let’s consider now something in between (somewhat general,
not too slow).

Conjugate Gradient Method

In our discretization and many others, it is possible to multiply a vector by Aj, quickly.
Let us run with this idea. With our A it would be fast to construct the vectors

F AF, A%F, ... (1)

If we denote the space span {F,AF, A*"'F} by S, we might want to choose an
approximation Uy € Sy to U that minimizes the error |U — Ug||. There are three
“tricks” that are involved in turning this idea in to a useful algorithm. These are
described below, followed by an error analysis.

How it works (three tricks)

It turns out that the “right” norm to use to minimize the error is not the Euclidean
norm. We introduce several inner products on the space RV:

M
(U,V) = Y U;-V; euclidean

1



(U7 V)A = <U7 AV)
(Ua V)A*1 = (U> A_lv)
(U, V)az = (AU,AV) residual.

These norms all make sense for matrices A that are symmetric positive definite. The
CG method finds the best approximation Uy (in the A-norm) for U in the subspace
Si at each step k.

To make the minimization easy, we will construct an (-, -)4-orthogonal (L 4) se-
quence {d;} such that {di,...dy} spans S (this could be done i.e. by applying the
Gramm Schmidt process to (1) but can be much more efficiently as shown below).
We write our approximation Uy as

k
Up =Y ad;
i=1
In order to minimize the error (in (-, )4 remember) between U and Uy, € Sy, for each
k we must have

(U,Ady) = (U, Ad;) for j=1,... .k

or
(U, Ad;) ,
aj = (d,, Ad,) for j=1,...k
using the fact that {d;} is A-orthogonal. I think this is clear in itself, but it is a
consequence of the following result: if U is given and £ is a linear subspace of R
and V' € £ minimizes

\U—-V].,VeL
then U — V € L1,
Now comes the magic aspect of the choice of inner product:

<U7 Adj) (AU7 dj) (F7 dj)

o = = =
T (dj, Ady)  (dj, Ady)  (dy, Ady)

and so the coefficients in the approximations for U do not involve U (good, since we
don’t know it) but only F' (which is known).

The algorithm is made practical by a trick to calculate the 1 4 vectors without
needing the previous vectors. This is accomplished by introducing the residual r, =
AU, — F = A(Ux — U). Note that hy := r; + F is in the space AS;. We rewrite the
original minimization problem to show that hj; minimizes the problem

IAT (R = F)|%, h € AS).

Since

AT 2% = (A2, AA T 2) = (A7 2, 2) = [l
our problem is also that of minimizing

I(h— F)|3., h € AS,.

2



As before, the minimizer h; must be such that hy — F' = r, is L -1 to AS,. This
shows easily that

Tk J_A Skfl. (3)

Theorem 1 The vector dy, is in span {ry_1,dx_1}.

Proof: Note that Sy = span {F,r,...,7,_1}. This follows easily from the recurrence
relation r, = rp_1 + axAd,. Thus, we can write

k—1
dp, =11 — ; Yid;.
We take A-inner products to solve for ~;:
Vi = (ri-1, Ad;) /(di, Ady).
Now, using (3) we know that v; =0 fori=1,...k—2. O.
We change notation slightly from the theorem and write

dy, = r6—1 + Brdr—1

where
Bk = (Tk—h Adk—l)/(dk—la Adk—l)-

Using the orthogonality results above many other formulas for o and 3 can be
derived as in the algorithm described below. Begin with Uy = 0 and rq = F' and
compute

L. Bj = (rj-1,7j-1)/(rj-2,7j-2) (except B = 0)
2. d;j =rj_1+ Bjd;_1 (except dy = 10)

3. oy = (rj—1,75-1)/(dj, Ad;)

4. U; = Ujy + oyd,

5. 1j =rj_1 — ajAd;

We now show that the above method (called the conjugate gradient method)
terminates with the exact solution in a finite number of steps. (Below, N is the size
of the problem A,U = F).

Theorem 2 Let N* = dim Sy. The CG algorithm provides the exact solution U in
N* steps (i.e. U = Uy ).



Proof: If N* = N then Sy = Ry (Ry is the whole space of real N-vectors) and so
Uyx = U. Otherwise, consider ry« = AUy« — F. Note that ry« € Sy« since this
is the biggest space generated by the action of A on F. Also, by (2), ry- € Sy-.
Therefore, ry« = 0 and so U = Uy+. O

Note that only one matrix multiply is needed per iteration. We make the following
remark:

Note 1 (You Don’t Need The Exact Solution of the Discrete Problem) Our
discrete solution U is only an approximation of the exact solution. Therefore, we can
terminate the CG method before we have the exact solution to the discrete problem
and not care as long as our answer is “accurate enough”. However, it is often helpful
to make the error from the solution procedure much smaller than the discretization
error so as not to confuse the source of errors. When the method has been tested on
a class of problems, the accuracy of the solution procedure can be relaxed to increase

efficiency.

How well it works

We know that the CG method will give the exact solution in at most N iterations,
but how large is the error at each step? Recall that

. 2 _ 2 _ . . 2
U = Uelfs = rellys = iy [1F = helf3 g

Notice that all vectors of the form F — hy can be written as P(A)F, where P is
a polynomial in Iy which includes all polynomials of degree < k with P(0) = 1.
Recall that A is positive definite symmetric so it has a full set of ortho-normal (in
the euclidean inner product (-,-)) eigenvectors {v;} with eigenvalues \;. We expand
F' in this basis

N
F= Z a;V;
1=1

and note that U = SN, A\ a;v; and that || F||2 = Y a2, |F||% = X \ia?, etc. Suppose
we pick a polynomial P in II; such that

|P(\)] < M, for all i.

Then

and so

IP(AFI%, = D AP (N)a;
M>> N a?
M?(|U || a-

IN



Therefore, using (4), we have
IU = Uklla < M||U][a.

We see that the study of the performance of CG methods for finite iterations boils
down to the study of polynomials on the spectral set of A (more on spectra next
section). To prove the main theorem of this section, we will use some properties of
the Chebyshev polynomials T}, coming from the two equivalent formulas below:

L Tp(z) = i[(z + Va? = 1)F + (z — Va2 — 1))
2. Ty.(z) = cos|k cos™ x| for |z| < 1.

From formula 2 we see that

max |Ti(z)| = 1 (5)
and
Typ(z;) = (=1)" for x; = cos(im/k),i =0,1,...k. (6)

From formula 1 we get the bound

a+1

T,
k(a—l

) >

1 <\/5+1> | )

2 \Va—1

We are now in a position to state the main theorem which gives a bound on the error

after k steps using only the values of the extreme eigenvalues,i.e. \; and Ay with
A1 < Ay and A; € [A\q, Ay] for all 7.

Theorem 3 The CG iterates satisfy
IU = Uklla < 29*|U]|a (8)

where
Va—-1
T Va+1
and a = Ay /A1. In addition, the number of iterations p(e) to reduce the initial error
|U||a by a factor of € satisfies

p(e) < van(2/e) + 1. (9)

Proof: Since we know nothing about the structure of the spectra in the interval
[A1, An] we will attempt to find the polynomials in II; that have a minimal
maximum value By over the interval. It turns out that the scaled Chebyshev
polynomials

Te[(An + A1)/ (An + A1)




have this property. Note that the scaling in the argument in numerator maps
the interval [\, Ay] in to the interval [—1,1] and that the argument in the
denominator is greater than 1 so the value cannot be zero (all the zeros of T
are in [—1,1]). The maximum value of Py on the spectral interval is

Cr = Tel(Av + M)/ + )] (10)

which occurs k + 1 times (with alternating sign) at the mapped points z; from
(6). To show that P, has the desired property, assume that there is a polynomial

ma; z)| = By < Cl.
xe[h,))\(]v}’Qk( )| = B < Cy

Now consider Ry = (Qr — Pi. This has a zero at x = 0 and alternates sign at the
k + 1 mapped points x; (since |Qx(z)| < Cj at all points in the interval). Since
R;, must have a zero between each sign change, it has k + 1 zeros, so R = 0.
This proves the optimal quality of the polynomial P;. The bound (10) along
with (7) proves (8).

We now turn to a proof of (9). Clearly, we will satisfy the condition if p satisfies

24P <e
or Lo (2
s los2/0)
log(1/7)
Since

log[(va+1)/(vVa—1)] >2/va, forall a>1

the result (9) follows. O

Clearly, this result is not the most optimal result, because it does not take into
account the distribution of the eigenvalues within the interval. For instance, even if
A1 = 1 and Ay = 1000 (large ratio, expect poor performance from the theorem) we
will get convergence in two iterations if they are the only eigenvalues present (with
as many multiplicities as you want).

We now consider what the spectrum looks like for our first model problem. Actu-
ally, we have the answer already because the problem was diagonalized by the DFT.
The eigenvalues were

n?+1
going fron n = 0 to n = N/2. Thus the minimum eigenvalue is 1 and the maximum
is N2/4+1 so the ratio is a ~ N2. Therefore, using the results of the theorem above,
we get convergence to tolerance € in O(N log(1/€)) iterations.

Note 2 (Good News, Bad News) This is a remarkable improvement over the orig-
inal CG method (run to termination) that we get essentially for free. However, we
could still be unhappy because the rate of convergence gets worse as the problem gets

6



bigger. We would like the rate to be constant as the problem gets bigger (since we have
to do more work per iteration anyway). As far as I know, this property holds only for
some “nice” preconditioned CG methods (an example is given below) and Multi-Grid
methods.
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MATH 521, Spring 2014
Assignment I - due Monday, January 27

e Do all of part A and one of part B.

e For students planning to do a course project, the next assignment will
have a part C involving a proposal for the project. Come and see me to
discuss your project before then to get early feedback.

Recall Problem #1 in the lecture notes for u(x), 1—periodic in z:

—u" 4+ au=f

with given @ > 0 and f(x), 1—periodic in z. This problem is considered in some
of the questions below.

Al

A2.

A3.

A4.

A5.

. Suppose the N x N matrix A is strictly diagonally dominant, i.e. all rows

satisfy
[Aiil > Ay
J#i
(a) Show that A is invertible.
(b) If Ay > 0 for all ¢ show that all eigenvalues of A are positive.

Derive a fourth order accurate approximation of the second derivative
based on a wide stencil using centred differencing based on the values

Ui+27 Ui+17 U’iv Ui717 Ui72'

Apply this to a discretization of Problem #1 above. Use a test problem
to verify that the method converges with fourth order accuracy. Show the
lo-stability (energy stability) of the method using von Neumann analysis.

Consider the wide approximation above applied to a modified Problem #1
with Dirichlet boundary conditions u(0) = 0 and u(1) = 0 replacing the
periodicity condition. An additional numerical boundary condition must
be given at each end (for U_y and Upn_1) because of the wide stencil.
Experiment numerically with different conditions until you find some that
give fourth order convergence.

Derive a fourth order accurate finite difference method for Problem #1
above using a short stencil, ¢.e. using only U;41,U;, U;—1. Implement the
scheme on a test problem and verify fourth order convergence. Hint: Use
the second derivative of the equation to help eliminate the second order
error term from the standard approximation.

Consider the second order finite difference approximation of Problem #1
derived in class, with matrix A. Find an explicit formula for the entries of
A~!. Note: You should check your analytical answer against MATLAB
computations for small N.



Part B: do one question in this part

B1: Consider Problem #1 stated above. Show that

lulle, < Kl flle

for all f with K(a). The choice of K does not have to be optimal, but
make it as small as you can. Extend your result to show that

lullc,,n < Kl flle,

for integer n > 0. Here K(a,n). Hint: One approach is to use Greens
function techniques, i.e. find a function G(x), 1—periodic, piecewise C!
(with discontinuity in G at 2 = 0 and periodic images) such that

u(z) = / Gl — &) (€)de

and use this representation to derive the desired property.

B2: Show that the fourth order wide method in question #A2 above is stable
in maximum norm.

B3: Perform an asymptotic error analysis of the scheme you propose in question
#A3 above.

B4: Download and install the freeware FEM package, Deal-II, from
http://www.dealii.org
Follow the tutorial programs to step-4. Pick this question if you want to

become familiar with this FEM package and do the part-B questions on
it in later assignments.



MATH 521, Spring 2014
Assignment II - due Wednesday, February 12

e Do all of part A and one of part B.

e For students planning to do a course project, part C involves a proposal

for the project. Come and see me to discuss your project if you want early
feedback.

Recall Problem #1 in the lecture notes for u(x), 1—periodic in z:

—u" +au=f

with given a > 0 and f(x), 1—periodic in z. This problem is considered in some
of the questions below.

Part A: do all questions in this part

Al.

A2,

A3.

A4.

Code up the finite element method with basic linear elements for the prob-
lem #1 above. Your code should be able to handle any given discrete grid.
You can print out the section of your code that fills in the matrix A as
the answer to this question (normally T do not want to see code).

Use your code in A1l above to do the following computation: start with a
regular grid of N points with spacing h = 1/N. Then move the points
randomly with a uniform distribution on the interval [—h/3,h/3]. This
should give points randomly between h/3 and 5h/3 apart. Compute errors
to a known solution on several resolutions with A — 0, making the grids
random in this way at every resolution. Report the test example you
picked and the errors you observed. Note: this should give you the flavour
of what convergence on an unstructured grid is like.

Consider the case of elements that are piecewise quadratic on subintervals
and continuous across subinterval boundaries. Consider an additional dis-
crete value at the centre of subintervals. Basis functions for this case come
in two types. For interval interior points, the basis functions are quadratic
and nonzero only in the interval, with value 1 at the centre and 0 at the
ends. For interval end points, the basis functions are piecewise quadratic
in both adjacent intervals, with value 1 at the point in consideration and
zero at all other points. There are derivative discontinuities at subinterval
ends. Consider applying this scheme to problem 1 above on a uniform
grid. What are the entries of the resulting matrix A? Note: a package
like Maple capable of symbolic integration might be helpful here.

(optional, but this opens up some part B question options later in the
course). Access a version of MATLAB that has the PDE Toolbox. Read
the documentation for the command “pdedemol” and execute it. Print
out one of the plots from this assignment and hand it in as the answer
to this question. Note: the Mathematics I'T people have asked me not to



use the MATLAB version on the machine, “pascal”, for this course. The
toolbox is available on the undergraduate network. If you don’t yet have
access to this network, let me know and I will arrange it.

Part B: do one question in this part

B1:

B2:

B3:

B4.

B5:

We saw that if f € Ly then
(f7 ¢)L2

was a bounded linear functional for ¢ € H!. Starting with f € C.., we
can complete a space X in the usual way in the following norm:

(fa ¢)L2
[[0]] 1

where the supremum excludes ¢ = 0. Show that this has the properties of
a norm. Determine if there is a corresponding inner product. Characterize
the elements of the complete space. The space is known as H ! if you
want to look for some results in the literature.

1fllx = sup

Prove analytically the convergence of the scheme with the elements in
question A3.

Implement the scheme with elements in question A3 on problem 1 on a
uniform grid. What order of convergence do you observe? It should be
higher order convergence than expected. Explain why this occurs.

Consider the case of elements in 1D that are piecewise cubic and C across
subinterval boundaries. Write a basis for this approximating space. Con-
sider C; elements in 2D using a triangular mesh. What is the minimum
polynomial degree needed for such elements? (use a counting argument).

If you downloaded the freeware FEM package, Deal-11, from
http://www.dealii.org

you can continue to work becoming familiar with this package. There is
some flexibility here. You could modify some of the demo programs to
handle a different domain shape or consider some different terms in the
PDE. Report on what you did and attach some plots of the output. Please
come discuss this with me if it would help.

Part C: project proposal

There is an option to have an oral final exam or do a project for the course. If
you intend to do a project, please hand in a proposal with this assignment.

Format: Make a 2 page (strict maximum) proposal of your planned project,
which can either be a longer proof or a computation of an applied problem. In
your proposal, state clearly the theorem you want to prove or give some details



of the application you are interested in. In either case, give a rough outline of
your approach. Identify clearly three stages for the project: the first stage of a
simple warm-up problem (plan zero), the second (plan A) which you are quite
sure you can do, and then (plan B) the more difficult problems you will tackle
if part A goes well. Your proposal is worth 5/40 of the marks for the project.
Based on your proposal, I can verify that your proposed plan A results would
give you a good mark if completed. As I mentioned at the beginning of the
term, I would be happy if your project overlapped with your research work.



MATH 521, Spring 2014
Assignment III - due Monday, March 3

Part A: do all questions in this part

A1. Adapt your code form Assignment #2, question #A1 to handle the bound-

ary conditions u(0) — u/(0) = 1 and «/(1) = 2. Test your code on an
example for which you have an exact solution.

A2. Find the dimension of P53 (polynomials of degree 3) in 2 dimensions (2D).

Describe an element on triangles that is conforming (continuous between
elements if linear mappings from the reference element are used) and spans
Ps.

A3. Find a third order quadrature method on the unit equilateral triangle.

That is, find n points (z;,y;) and weights w; such that

/Qp(x,y) = Zwm(fci,yi)

for all polynomials p(z) of degree 2. Your weights should all be positive.

A4. Consider quadrature rules in 1D. There are certain advantages to evalu-

ating the integrand at end points (y = —1 and y = 1 in the reference
interval). For n = 2 points (only the end points) we get Trapezoidal Rule
(second order accurate) and for n = 3 we have Simpson’s Rule (fourth
order). Find the two interior points and the weights for all points for the
n = 4 quadrature rule that includes the end points. It will be sixth order
accurate.

Part B: do one question in this part

B1: Prove (one case of) Rellich’s Lemma. That is, if {¢,} is a bounded sequence

B2

B3

B4
B4

in H™ then it has a convergent subsequence in H" if n < m.

: Compute the solution to Au = e¥ 4+ 22 on the unit disk using MATLAB’s

PDE Toolbox. Convince yourself (and me!) that your result has error less
than 0.001 in maximum norm.

: Do question #B2 with the Deal-II package instead of in MATLAB. If

you are following other interests, let me know and we can negotiate this
question.

: Write your own code to solve #B2 with the element of your choice.

. Find a fourth order quadrature method on the unit equilateral triangle

with positive weights. Describe briefly how you would find higher order
quadrature formulae on the triangle.



MATH 521, Spring 2014
Assignment IV - due Monday, March 24

Part A: do all questions in this part
A1. Solve the nonlinear problem
—u" +u+u® = sin2nx

for u(x), 1-periodic in z. Use a finite difference method on a uniform grid
for the discretization and Newton’s method to handle the nonlinear solve.

A2. Describe how you would discretize the general nonlinear problem
—u" +u+ f(u) = sin 27z

with a finite element method and generate the Jacobian matrix for your
discretization. You can assume that the function f(u) and its derivative
are given to you.

A3. Consider the isoperimetric P, element on the reference element that is
the unit equilateral triangle. Find the quadratic mapping that maps the
reference triangle to the mesh element shown below. Verify that the map
that you find is linear when restricted to the two interior edges.

(0,1

A )

! (1,0)

(0,0) (Y2,0) |

i

A



Part B: do one question in this part

B1: Prove existence and uniqueness of solutions to the nonlinear problem
—u" + v+ u® = sin 27z
for u(x), 1-periodic in x.
B2: Using Deal-II or MATLAB’s PDE Toolbox, compute the solution to
—Au+tu, =1

with homogeneous Dirichlet boundary conditions in a 2D domain that is
not a circle or polygon. Alternate Deal-II problems can be negotiated.

B3: Consider the use of the P, element in 2D with reference element the unit
length equilateral triangle with only linear maps used from the reference
element to the elements in the mesh. Consider the application of the
method to the problem

—Au+u= f(x,y)

with homogeneous boundary data given for w. At the boundary, the
boundary condition v = 0 is only an approximation at element edge mid-
points as shown below (point P). What is the size of the interpolation
error in the H' norm introduced by this approximation? You can assume
that the domain boundary is smooth.




MATH 521, Spring 2014
Assignment IV - due Thursday, April 17

e Projects are also due April 17 and we’ll have oral exams that afternoon.

e Note that there is no part B to this assignment.

Part A: do all questions in this part

A1l. Show that the matrix coming from the Marker and Cell (MAC) grid for
incompressible flow is symmetric.

A2. Find the eigenvalues of the MAC grid. How do the minimum and maxi-
mum eigenvalues (in magnitude, consider positive and negative eigenvalues
separately) scale with discretization h? I intend that you use numerical
experiments (i.e. MATLAB eig routine) to answer this, although pencil
and paper estimates are fine as well.

A3. Show that the DIRK-2 method in the class notes is indeed second order
and A-stable.

A4. Find the stability region of third order Radua-ITA. It will be possible to
look up the shape of the region, but I would like you to work out how the
boundary can be calculated.
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