Quiz 1

2017-09-22

Lastname ................ ... ... .. ...,

First name .......... ... ... ...,

Grade

For each computation of limits in this test, if the limit does not
exist, indicate whether it diverges to —oco or +oco.



1. Each part of this question is worth 1 mark.

(a) (1 pt) Compute

lim V1 — 23

r——2

Solution.

lim /1 —a3 =/1—(-2)3 =V9=3

T——2

(b) (1 pt) Compute
522 +x—6
im —
z—+o0 312 — Tw + 2

Solution. We divide by z2? both numerator and denominator and

obtain: ,
5x°+x—6 54+ 1 _
lim lim x

6
x2 _ x 5
322 —Tx+2 7 2 T 9°
z—)—‘—ooT"" z—>+oo3_g+p 3



2. Each part of this question is worth 2 marks. You have to show all
your work in order to get credit.

(a) (2 pt) Compute

.|z +2]
lim 3
r——2 ¢ — 4

Solution. We need to compute left and right limits and then com-
pare our answers. So,

|z + 2| —(z+2) . -1 1
lim = lim ——~ = Ilim = _
a——2-22 -4 an-2- (z-2)(x+2) am-2-2-2 4

and

z+2 x4 2 . 1 1

= —_ 1 = .
zo—2t 22 —4 a2t (z—2)(z+2) st T 2 4

Since the lateral limits don’t match, we conclude that

. +2 .
lim | | does not exist.
-2 x2 — 4

(2 pt) Compute
. Vo +3-2
lim ———

x—1 r—1

Solution. We apply the conjugate:

z—1 z—1 z—1 (I - 1)(\/m+ 2)

and so, we obtain

. r+3—4 r—1 1
lim

L IOV By R AP O B

1

1
lim = = -
PN Vri3+2 Vids+z 4



3. This question is worth 4 marks. You have to show all your work in
order to get credit.

Find the real number a such that lim,_,; f(z) exists for the function

—1)-sin ( 1 if >1
) = (x—1)-sin (xfl) if =z
22 4+ax+1 if z<1.

Solution. First of all, the limit exists if

lim f(z)= lim f(x).

rz—1— rz—1t

On the other hand, lim,_,;- 2? + az + 1 = a + 2 and so, all we need to
ensure now is that

lim (2 — 1) sin | — +2
m (r — Sin =a .
rz—1+t rz—1

1
r—1

We compute lim,_,i+(z — 1) sin ( ) = 0 using Squeeze Theorem. In-

deed, as x — 17, we have that

1
1§sin< >§1
r—1

and after multiplying by x — 1 (which is positive, when z — 17), we get

T —

_(x—l)S(x—1)~sin< ! 1) <(@—1).

Letting  — 17, we get that both the left-most and the right-most func-
tions (z—1 and 1—x) converge to 0, and this forces (by Squeeze Theorem)

T—

that also lim,_,;+(x — 1) - sin (Ll) =0.

In conclusion, the value of a which makes lim,_,; f(z) exist is a = —2
since then a + 2 = 0.



1. Each part of this question is worth 1 mark.

(a) (1 pt) Compute

lim /22 — 17

T—5

Solution.

lim /22 — 17 = lim /52 — 17 = V8 = 2.
r—5 r—5
(b) (1 pt) Compute
. —5x2 41 —2
lm ————
z——o0 =312 — Tz + 3

Solution. We divide by z2? both numerator and denominator and

obtain:
—5z24x—2 - 1 2
lim ﬁ: lim 54‘73;3532:;525
T——00 TOTI—(TFS ;2 x+ r——00 —3 — = + 2z -3 3



2. Each part of this question is worth 2 marks. You have to show all
your work in order to get credit.

(a)

(2 pt) Compute
: |z — 2
lim ——
22 12 — 3z + 2
Solution. We need to compute left and right limits and then com-
pare our answers. So,
|z — 2] ) —(z—2) -1

1‘ _—_— = 1 = = —1
o2 22— 3z +2 a2 (x—2)(z—-1) x—-1

and

I |z — 2] . r—2 1 )
m ——————= = 1l1m = = 1.
e—2t 22 =3x+2 a2t (x—2)(x—1) xz-1

Since the lateral limits don’t match, we conclude that

r—2
lim ¥ does not exist.
z—2 12 — 3z + 2

(2 pt) Compute

. Vx+8-3
hmi

r—1 1 — X
Solution. We apply the conjugate:
. Vr+8-3 . (Vr+8-3)(Vr+8+3)
lim ———— = lim
z—1  l—x e>1 (1 —2x)(vVx+8+3)

and so, we obtain

r+8—-9 r—1 -1 -1

lim

A (Vrrs+d M- rs+3)

= lim =
rz—1

Ji+8+3 JIt8+3

-1

6



3. This question is worth 4 marks. You have to show all your work in
order to get credit.

Find the real number a such that lim,_,; f(z) exists for the function

) = (x—l)-cos(ﬁ) if z>1

2 —14a if <.

Solution. First of all, the limit exists if

lim f(z)= lim f(x).

r—1— rz—1t

On the other hand, lim,_,;- 2 — 14 a = a and so, all we need to ensure
now is that )
lim (xl)cos( ) =a.
z—1- z—1

We compute lim,_,1+(z — 1) cos (#> = 0 using Squeeze Theorem. In-

x—1

deed, as x — 17, we have that

1
1§cos< >§1
r—1

and after multiplying by  — 1 (which is positive, when z — 17), we get

_(x—l)g(x—l).cos< 1 1) <(@-1).

T —

Letting  — 17, we get that both the left-most and the right-most func-
tions (z—1 and 1—z) converge to 0, and this forces (by Squeeze Theorem)

that also lim,_,+(x — 1) - cos (x—il) =0.

In conclusion, the value of a which makes lim,_,; f(z) exist is a = 0.



1. Each part of this question is worth 1 mark.

(a) (1 pt) Compute
I 1— 22
im —
T—2 4/ 1 + x?’
Solution.
. 1—a? . 1-22
Im —— = lim —— = —
T—2 1/1+.T3 T—2 \/1_|_23
(b) (1 pt) Compute
1— 5z + 223
im —————
z—+oo 2 + 412 — g3
Solution. We divide by 23 both numerator and denominator and
obtain:
1—5z+2z>

1
. 3
lim —%— = L
244x2—x3 2

xr——+00 D r—r+00 =3 -|—



2. Each part of this question is worth 2 marks. You have to show all
your work in order to get credit.

(a)

(2 pt) Compute
2%+ 3z +2
im ——
r——1 |,1' + 1|
Solution. We need to compute left and right limits and then com-
pare our answers. S0,

2 2 1 2
lim " +3r+2 — lim w = lim —(z42)=-1
z—1- |z +1] z-1-  —(z+1) z——1-
and
2 2 1 2
e e S VR Gl L Gl ) S PP S
g——1+ |z +1] a——1+t (v +1) T——1+

Since the lateral limits don’t match, we conclude that

243 2
lim Aord e does not exist.
r——1 |(E + ]_‘

(2 pt) Compute
1—-+vz+3

z——-2 x4+ 2

Solution. We apply the conjugate:

. 1—+x+3 . 1=V +3) 1+ Vo +3)
lim ——— = lim
a2 x4 2 e>-2  (z+2)(1+Vz +3)

and so, we obtain

lim 1-(@+3) = lim —v =2
=2 (z4+2)(1+vVz+3) +=-—2(x+2)(1+Vz+3)

-1

1

= lim ———=—C
—==21++/z+3 2



3. This question is worth 4 marks. You have to show all your work in
order to get credit.

Find the real number a such that lim,_,o f(z) exists for the function

a(z+1)2 =1 if >0
1+a:2005(1) if x<0O.

x

flz) =

Solution. First of all, the limit exists if

lim f(z)= lim f(z).

z—0— z—0t

On the other hand, lim,_,y+ a(x +1)? —1 = a — 1 and so, all we need to

ensure now is that
. 9 1
lim (1+x“cos| — =a-—1.
r—0— x

We compute lim,_, - 22 cos (%) = 0 using Squeeze Theorem. Indeed, as
x — 07, we have that

1
—1 < cos <) <1
T

and after multiplying by z2, we get
2 2 1 2
—x° < xcos| — | <z°.
x

Letting x — 07, we get that both the left-most and the right-most func-
tions (—z? and x?) converge to 0, and this forces (by Squeeze Theorem)

that also lim,_,o- x2 cos (%) = 0. Therefore

m (144 (5))
Iim (1+ax%cos| — =1
r—0— X

In conclusion, the value of @ which makes lim,_,o f(x) exist is a = 2 since
thena —1=1.



