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CONTINUOUS-TIME WEAKLY SELF-AVOIDING WALK ON Z HAS
STRICTLY MONOTONE ESCAPE SPEED

BY YUCHENG LI1u?

Department of Mathematics, University of British Columbia, ®yliul 35 @math.ubc.ca

Weakly self-avoiding walk (WSAW) is a model of simple random walk
paths that penalizes self-intersections. On Z, Greven and den Hollander
proved in 1993 that the discrete-time weakly self-avoiding walk has an
asymptotically deterministic escape speed, and they conjectured that this
speed should be strictly increasing in the repelling strength parameter. We
study a continuous-time version of the model, give a different existence proof
for the speed, and prove the speed to be strictly increasing. The proof uses
a transfer matrix method implemented via a supersymmetric version of the
BFS-Dynkin isomorphism theorem, spectral theory, Tauberian theory, and
stochastic dominance.

1. Introduction. Weakly self-avoiding walk is a model based on the simple random
walk that penalizes self-intersections. In the discrete-time setting, it is also known as the
self-repellent walk and as the Domb—Joyce model for soft polymers [7]. In the model, every
self-intersection of the walk is penalized using a factor 1 — «, with parameter o € (0, 1). The
boundary value o = 0 corresponds to the simple random walk and @ = 1 corresponds to the
strictly self-avoiding walk.

In dimension one, the strictly self-avoiding case « = 1 has only two walks, going left or
right, so it has escape speed equal to 1. Greven and den Hollander [8] proved in 1993 that
the weakly self-avoiding walk also escapes linearly from the origin as length goes to infinity,
with an asymptotically deterministic speed 6* () € (0, 1) satisfying limy—.00*(e) = 0 and
limy 1 0*(a) = 1. The result was extended to a central limit theorem by Ko6nig in 1996 [9].
Their proofs use large deviation theory and local times of the simple random walk. In 2001,
van der Hofstad [16] gave another proof of the central limit theorem for o close to 1, using
the lace expansion.

The escape speed 6*(«) is conjectured to be strictly increasing in the repelling strength
parameter «. The walk should escape faster if the self-repellency is stronger. But to our
knowledge, this has not been proved. In this paper, we study a continuous-time version of the
model. We prove this model also has an asymptotically deterministic speed and the speed is
strictly increasing in the repelling strength parameter. Our proof of the existence of escape
speed uses local times of the simple random walk and Tauberian theory. The monotonicity
of the speed is proved using stochastic dominance. The speed is qualitatively similar to the
speed in the discrete-time model [8], in the sense that they are both identified as the reciprocal
of the derivative of the largest eigenvalue of some operator.

The continuous-time weakly self-avoiding walk was studied in [1, 2] on Z*, and a gener-
alization of the model was studied in [4] on the complete graph, both using supersymmetric
representation. Supersymmetric representation is a way of expressing certain functionals of
local times as an integral of differential forms. We give a brief introduction to the representa-
tion in Appendix A. It allows us to write the two-point function of the WSAW in a nice form
to apply the transfer matrix approach.
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There is an analogous continuous-time-and-space model based on Brownian motion called
the Edwards’ model. In this model, there is also an escape speed, first proved by Westwater in
1985 [18] using Brownian local times. The speed is very simple due to the Brownian scaling
property, and it is strictly increasing in the repelling strength parameter.

1.1. The continuous-time WSAW model and main results. We consider the continuous-
time nearest-neighbor simple random walk on Z, that is, the walk jumps left or right, each
with rate 1. Denote the walk by {X (#)};>0 and denote its expectation by E; if X (0) =i. The
local time of X at x € Z up to time T is defined by

T
(1.1) LT,x=‘/(; Ix()=xds.
Notice that
) T T T T
(1.2) LT,x :/0 /() Tx=xLx()=x dsdt:/(; /(; Ix@)=x(s)=xds dt

gives the self-intersection local time at x up to time 7T .

As in the discrete-time setting, we penalize self-intersections. Let g > 0 be the repelling
strength parameter. The weakly self-avoiding walk measure }P’f T for walks starting from i,
is defined by the ¢ () = 2 case of the expectation

(1.3) EfT[f(X)] x E; (e_gZ)oco:—oc ¢(LT,X)‘]I‘(X))'
For i, j € Z, we define
(1.4) Pij(g. T)=Ej(e”® Z’C‘?O=*°°4’(LT’*’)]1X(T)=1‘)-

We use the Laplace transform with a complex parameter v € C. With p(t) = e8¢~V the
two-point function of the weakly self-avoiding walk from i to j is defined to be

00 T 00 00
(L.5) Gij(gv‘)):/o Pij(g, T)e™™ dT:./o E\ T] pLr)lxa)=;)dT,

X=—00

where the second equality follows from 7' =2 L7... A positive v > 0 penalizes the

length of the walk and acts as a killing rate. The use of complex v is mainly to apply our
complex Tauberian theorem, which transfers asymptotics of G;; to asymptotics of P;;; the
relevant range of parameters will have Re (v) < 0. Our methods allow us to consider a more
general model. We only assume the function ¢ : [0, co) — [0, co) satisfies

(HO) ¢(0) =0,

(H1) ¢(¢) is differentiable for all > 0,

(H2) ¢(t)/t 1isincreasing,

(H3) Jim ¢(1)/1 = oo,

(H4) ¢/(t)e_g¢(t)_”t is a Schwartz function for all g > 0, v € R.

For example, ¢ (¢) can be a polynomial ¢ (¢) = Z,](V[:z art® with M > 2, apr > 0, and a; > 0
for all k.

By translation invariance, we can always start the walk at 0. The main result of the paper is
the following theorem, which asserts that the weakly self-avoiding walk has an escape speed
and the speed is strictly increasing in the repelling strength g. The theorem is stated for walks
going to the right, but walks going to the left have the same speed by symmetry. See Figure 1
for a plot of the speed.
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FI1G. 1.  Numerical evaluation of the escape speed 6(g) of the WSAW model (¢ (t) = 12). The dots are the nu-
merical results, interpolated by cubic spline. The computation is based on truncating and discretizing the integral
operator Q (defined in (2.6)) at s = 100 and with step size 0.001. The numerical results suggest 6(g) ~ Cgl/3

as g — 0. For the discrete-time model, this asymptotic relation is proved by van der Hofstad and den Hollander
in [17].

THEOREM 1.1.  There exists an analytic function 6 : (0, c0) — (0, 00) with 6’ > 0 every-
where such that for all g > 0, ¢ > 0,
X(T
(1.6) m P&7 (’ ()

T—>

O(g)’ > s‘X(T) > 0) —0.

We also have the following result on the mean end-to-end distance, which readily implies

L? convergence of @ to O(g) for any positive even integer p and the convergence in
probability (1.6). The notation f(7) ~ h(T) means limr_, f(T)/g(T)=1.

THEOREM 1.2.  For the same 0(-) as in Theorem 1.1, for any g > 0 and any k € N,

ZJ l] Oj(g’T)

1.7 EST[X(T)¥| X (T
(1.7) [X(T*X(T) > 0] = < e, )

~(O@T), T — oo

As a by-product of the proofs, we obtain critical exponents for the two-point function,
the susceptibility, and the correlation lengths of integer orders. The critical exponents are the
same as for the strictly self-avoiding walk, and they are collected in the following theorem.
For all g > 0, we will define v.(g) to be the v € R at which an integral operator has operator
norm exactly 1, see Section 2.2. We will show this is consistent with the usual definition of
v-(g), which is by the property that

(1.8) x(g,v) <oo ifandonlyif v>v.(g),
where x(g,v) = Zj__oo Goj(g,v) is the susceptibility.

THEOREM 1.3. Let g >0, v € R, and v. = v.(g) (defined in Section 2.2). There exist
nonzero constants A, B, Cy, Ca, ... such that:
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(1) The critical two-point function G;;(g, v) satisfies, as |j —i| — o0,

A

+

C ’
(1.10) x(gv)~Bv—v), y=L

(iii) For any k € N, the correlation length of order k satisfies, as v — v

111 &(e ,,):( X olil*Goj(g. v)
’ x(g,v)

(i1) The susceptibility x (g, v) satisfies, as v — v

_l’_

c

1/k
) ~Cr(v—v) %, ye=1

The rest of the paper is organized as follows. In Section 2, we first make a finite-volume
approximation and use the supersymmetric representation of random walks to express the
finite-volume two-point function as an inner product (Proposition 2.1). Then we take the
infinite-volume limit and study its asymptotic behavior near the critical v.. We also calculate
the susceptibility and correlation lengths, and prove Theorem 1.3 in Corollary 2.9, Propo-
sition 2.10, and Corollary 2.11. In Section 3, we first prove a general Tauberian theorem,
then we use the theorem, with asymptotics in the parameter v from Section 2 as input, to
prove Theorem 1.2. The convergence part of Theorem 1.1 follows. In Section 4, we use a
separate stochastic dominance argument to prove 6’ > 0 everywhere, finishing the proof of
Theorem 1.1.

2. Two-point function, susceptibility, and correlation length. In this section, we first
work on the finite subset [—-N, N] N Z with free boundary conditions. We use the transfer
matrix approach to derive an expression for the finite-volume two-point function Glg\]( (g,v).
Then we define a critical parameter v.(g) € R, and we show that for Re(v) > v.(g), the
infinite-volume limit limpy _ oo Gf\J( (g, v) exists and equals G;;(g, v). We use this representa-
tion of G;; to study one-sided versions of the susceptibility and correlation lengths, obtaining
asymptotics as v — v.. Two-sided versions of the quantities follow readily by symmetry.

2.1. Finite-volume two-point function. Let N € N. Consider the nearest-neighbor simple
random walk on [N, N] N Z. That is, the walk jumps to left or right if possible, each with
rate 1. For i, j € [N, N1, let ElN denote the expectation of such a walk starting at i. The
local times of this walk are defined exactly as in (1.1). Recall p(t) = e~ 89—Vt We define

_ N
Q1) PY(g.T)=EN (e 8Xe=n?Um00y ),

00 00 N
(2.2) Gg(g,v)zfo Pilj\‘[(g’ T)e_deT=</0 ElN( 1_[ p(LT,x)]lX(T):j) dT.
x=—N

The modified Bessel functions of the first kind of orders O and 1 are the entire functions

o : . m 00 1 z 2m+1
2.3) Ix)=Y_ (5) ; ’l(Z)ZZm(E)

Im!
m—0 m:m: m—0

respectively. For j =0, 1, we define the g, v-dependent symmetric kernels

2.4) kj(t.5) =[P/ p(s)e™ e 1;2/5s),
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1 1 . . .
where /p (1) = e~ 289" ~2" Since p(-) has exponential decay by assumption (H3), the ker-
nels are square-integrable. We also define the g, v-dependent operators T, Q : L2[0, o) —
L?[0, 00), by

(2.5) 10 =\/pwe + [ Y F ok, s)\@ ds,
2.6) orw=[  f()ko(t. ) ds.

It follows from the definition of k; and the Taylor series of /; that

" L 00 Smtm—i—l
2.7 kl(t,s)\/;:\/p(t)vp(se e mZ:Om!(m—i-l)!’

which is regular at s = 0 for all ¢. Notice T is affine but nonlinear. For Q, since ko(¢, s)
is square-integrable, Q is a Hilbert—Schmidt operator, thus compact. When v € R, ko(¢, s)
is real and symmetric, so Q is self-adjoint. With these operators, we prove the following
representation of Gf\j( . The inner product here is the usual (f, h) = [5° f (H)h(t)dt.

PROPOSITION 2.1. Letg>0,veC,NeN,and —N <i <j<N.Then

(2.8) Gl (g, v)=(Q/ 7 TV /pl. (TN=IL/Pp))).

Note the complex conjugation on T~/ [/P] cancels with the conjugation from the in-
ner product. The proposition is proved using the transfer matrix approach, implemented via
a supersymmetric representation of the random walk. This is the only place we need the
supersymmetric representation. The proof of the proposition and an introduction to the su-
persymmetric theory are included in Appendix A.

REMARK 2.2. Fix x € N. For a continuous-time simple random walk starting at 0 and
stopped when the local time L7  reaches some fixed value, the local times between 0 and x
form a Markov chain with the transition kernel e "¢~ I(2+/st), by the Ray—Knight theorem
[5], Theorem 4.1. The kernel kq(t, s) for our operator Q contains this Markov kernel and has
the extra /p(1)+/p(s) to incorporate self-interactions. Local times outside the interval [0, x]
also form Markov chains, and the Markov kernel there is similarly related to the operator 7.

2.2. Critical parameter v, and properties of Q. In this section, we prove properties of
the operator Q and define the critical parameter v.(g) € R.

LEMMA 2.3. Forg>0andv eR:

(1) The operator Q defined by (2.6) is positive, that is, (Qf, f) = 0 for all f. Hence, all
eigenvalues of Q are nonnegative.

(ii) The operator norm || Q|| is a simple, isolated eigenvalue of Q, and there exists an
eigenvector with eigenvalue || Q|| that is continuous and strictly positive everywhere.
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PROOF. (i) We use the Taylor series Io(z) = Y ;o ﬁ(%)zm. For any f, we have

(Of. f) = /0 /O T £ p 0 ps)e e 1o@/s1) ds di

oo oo B tm 00 _Ssm
2.9) ngofo f@)y/p@)e tﬁdtfo f)pls)e™ —ds

=217 roypwet Pz o,
m=0 :

because ,/p is real for real v.

(ii) Since Q is compact and self-adjoint, one of £|| Q|| is an eigenvalue [15], Lemma 6.5.
Since eigenvalues must be nonnegative by part (i), | Q| must be an eigenvalue. It is isolated
by compactness. Also, since any eigenvalue of Q must have magnitude less than the operator
norm, the spectral radius »(Q) equals || Q]|.

We use a Krein—Rutman theorem for irreducible operators on Banach lattices [6], The-
orem 1.5, (also see references therein). Krein—Rutman theorems are generalizations of the
Perron—Frobenius theorem for entrywise positive matrices. Since X = L2[0, 00) is a Banach
lattice equipped with the cone P of nonnegative functions, once we verify that Q(P) C P and
that Q is ideal-irreducible and compact, by [6], Theorem 1.5, we will learn that #(Q) = || Q||
is a simple eigenvalue, with an eigenvector 4 that is a quasi-interior point of the cone. By
(i1) in the third paragraph before [6], Theorem 1.5, & is a quasi-interior point of P if and
only if {f, h) > O for all nonzero f > 0, which happens if and only if 4 is strictly positive
everywhere. Moreover, since

(2.10) QA1) = (Qh) (1) = foooh(S)ko(t, s)ds

and kg is continuous, /4 is continuous too.

It remains to verify the conditions on Q. Q is compact because it is a Hilbert—Schmidt
operator, and Q(P) C P because ko > 0. To check that Q is ideal-irreducible, we need to
show that any nonzero Q-invariant closed ideal' I C X equals X. Let 0 # u € I. By the
definition of the ideal, we have |u| € I. By Q-invariance, Q(|u|) € I also. Since ko > 0 and
lu| # 0, we have Q(Ju|) > 0 everywhere, which makes it a quasi-interior point of P. Since
the ideal generated by a quasi-interior point is dense in X by the third paragraph before [6],
Theorem 1.5, we must have I = X, as [ is closed. This establishes ideal-irreducibility and
concludes the proof. [J

We define v.(g) to be the v € R that satisfies || Q(g, v)|| = 1. The following lemma guaran-
tees v.(g) exists and is unique. In Proposition 2.10 and the paragraphs after it, we will prove
x(g,v) < oo forall v>v.(g)and x (g, v.(g)) = o0, so our definition is consistent with the
usual definition of v.(g). We also prove v.(g) < 0 in Proposition 2.10. Limits of v.(g) are
proved in Proposition 2.7.

LEMMA 2.4. Fix g > 0. Consider v € R.

(i) The map v — ||Q(g, V)|l is continuous and strictly decreasing.
(i) The map v — ||Q(g, V)| is convex.
(iii) v.(g) exists and is unique.

TAnideal I C X is a linear subspace of X with the property that y € I, x € X, and |x| <|y| imply x € 1.
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PROOF. (i) Since v € R, we have kg > 0, so

(2.11) IQll= sup [(Qf, f)|= sup (Of, f).

I fll2=1 I fll2=1, /=0
Consider v, D € R. Denote Q = Q(g, V), ko(t,s) = ko(t,s; g, D), and p(t) = p(z; g, D). For
any f > 0, by the Cauchy—Schwarz inequality,

(Of. f) — (O f. f)] = |/°° /OO FOF kot s) — Rot. s)] ds di
2.12) o Jo

< £ 130ko(2, ) = ko(t. )| 1205 ar)-

Recall ko(t,s) = +/p(t)s/p(s)e " e IH(2+/st) has exponential decay by assumption (H3).
Also notice p(f) = e 8™~V is monotone in v. Hence, as ¥ — v, we have ||ko(t,s) —
ko(t, 9)|| L2(dsdr) — 0 by the dominated convergence theorem. Since we are taking the supre-
mum over || f|l> =1 to get || Q]|, we obtain || Q| — || Q|-

To prove that the map is strictly decreasing, consider v > ». By Lemma 2.3(ii), Q has an
eigenvector & with eigenvalue || Q|| that is continuous and strictly positive everywhere. We
normalize it so that ||h||> = 1. For each 7 > 0, we have p(r) = e 8¢~V < =80 (O)—1 —
p(r), so ko(t,s) < Igo(t, s) for all ¢, s > 0. Since £ is positive and continuous, we get

101l = (Qh. h) =f / h(Oh(s)ko(t. 5) ds dt
(2.13) 0 Jo

<f f h(Oh()ko(t. 5)ds dr = (Oh, by < || O]
0 0

(i1) For each f > 0, a direct calculation gives %(Qf, f)=>0,sothe map v — (QFf, f) is
convex. By taking supremum (2.11), the map v — || Q|| is convex too.

>iii) As v — o0, p(t) = e~ 8=Vt 5 0 for all r > 0. Similar to (2.12), we have (QOf,
f)— 0as v — oo, uniformly in || f|l2 = 1. It follows that | Q|| — 0 as v — oo. On the other
hand, since v — || Q]| is convex and strictly decreasing, one of its subderivatives must be
strictly negative. Since the corresponding subtangent line bounds the function from below, we
have lim,_, _ || Q|| = oo. The critical v.(g) then exists by the intermediate value theorem.
Uniqueness follows from part (i). [

LEMMA 2.5. Let g,v € C with Re(g) > 0.
(1) For a fixed g, the map v — Q(g, v) into the space of bounded linear operators on

L2[0, 00) is strongly analytic, with derivative given by

(2.14) (%—f)f(r) =/O°°f(s)(—%(z +s)>k0(t,s)ds.

(ii) For a fixed v, the map g — Q(g, v) is strongly analytic, with derivative given by
a 00 1
@.15) (5e)70= [ 16 (=500 + 66 Jratt.5)ds

PROOF. (i) Fix some g and v. Let h € C with O < |h| < 1. Define the operator

_ 0@ v+ — 0, V)
K .

(2.16) Ry,

We will show limy,_.o R, = % in the operator norm, where %—g (for now) is defined by the

right-hand side of (2.14). This will show v — Q(g, v) to be strongly analytic at that point.
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Let fi, f2 € L*[0, 00) be such that || fill2, || f2ll2 = 1. Denote p*(1) = p(t; Re(g), Re(v))
and k;(t,s) = ko(t, s; Re(g), Re(v)). By the Cauchy—Schwarz inequality,

((m=55)0 5

2.17) s/ooofooo|fz<r>}|f1<s)|‘w— (—%<r+s>)

<||f1||z||fz||z(f [ ("’ e - 1—(—%(I+s))

Taking supremum over fi and f> gives

9 9
2|- Sup K(Rh_a—Q)fl,sz
||f1 2=l f2ll2=1 v

o5
e 2h(t+s) 1 1 5 12
(/ / ( - (_E(Z —l—s)) kg(t,s)) ds dt) )

Since || < 1, we have |e“h—1—ah|<zn 2 B < |n? 3050, 1T < R 2l for all a. We

apply the inequality with a = —5 (t + s), then

ky(t,s)ds dt

2 1/2
kg (t, s)) ds dt) )

2.18)

e~ 2h(+s) _

(2.19) p

1 1
— <—§(z +s)>‘ < |hle2+9),

By assumption (H3), e2(t+s )k(’)‘ (¢, s) still has exponential decay. The claim then follows from
the dominated convergence theorem.

(i1) The same proof with |#| < min{Re(g), 1} works. This and assumption (H3) guarantee
enough decay to apply the dominated convergence theorem. [

REMARK 2.6. For g > 0 and v € R, the eigenvalue ||Q(g, v)| is simple and isolated
by Lemma 2.3. Since the operators Q(g, v) are strongly analytic, the Kato—Rellich theorem
[12], Theorem XII.8, implies that there exists a holomorphic function A(v; g) that agrees with
|Q(g,v)|| when v € R. In particular, the derivative d, || Q(g, v)|| exists. Convexity and strict
monotonicity (Lemma 2.4) then imply 9, || Q(g, v)|| < 0. Similarly, 9, (| Q (g, v)|| exists too.

By assumptions (H3), there exists #yp > 0 for which ¢ () > O for all ¢ > #y. Using this, the
same proof of Lemma 2.4 shows the map g — || Q(g, v)|| for a fixed v € R to be convex and
strictly decreasing. It follows that d¢ || Q(g, v)|| < 0. Then, by the implicit function theorem,

dve _ 3106 I _
g~ %0l

showing v.(g) to be strictly decreasing in g.

(2.20)

PROPOSITION 2.7. Assume v.(g) <0 for all g > 0 (which will be proved in Proposi-
tion 2.10). The critical parameter v.(g) is strictly decreasing in g, with limits

221 li =0, li =—
221 R ve(8) Jim ve(g)

PROOF. The function v.(g) is strictly decreasing because v..(g) < 0 by (2.20). It follows
that limits of v.(g) exist. Since v.(g) < 0 by hypothesis, we have lim,_, g+ v.(g) < 0.
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Suppose for the sake of contradiction that lim,_, o+ v (g) = Vo < 0. Let vo = max{vp, —1}.
Since || Q(g, v)|| is decreasing in v by Lemma 2.4(i), for any g > 0 and f # 0 we have

19(g.vo) f 2
Ifllz

We will pick f so that the right-hand side — oo as ¢ — 07. Let a > 0 be a parameter

. . _1l
and let f(¢) = e 9. Since +/p(t; g, vo) increases to e~ 2" as ¢ — 0T, by the monotone
convergence theorem and the Taylor series In(z) = Y m}m! (%)2’",

(2.22) 1=]0(g, ve(®)] = | Qg. T0)| = | O(g, vo)| =

o0
lim (Qg v) /)= [ Fs)e Ve et o250 ds
g—0t 0
00
— Z ﬂe—(%vo-l-l)l /oo ge—(a%—%vo-%—l)s ds
:Om! 0 m!
(2.23)
X" 1 —m—1
= Z _e_(zv()+1)t<a + — 1 + 1)
m! 2
m=0
( + : + 1)_1 {( + : + 1)_1t (1 + 1)t}
= —V ex —V —( = .
a 2 0 p a 2 0 2]}0
Observe that if
1 -1 1
(2.24) (a +3v0+ 1) - (51;0 + 1) >0,

then lim,_, o+ Q(g, vo) f |2 = oo by monotone convergence. Since vy € (—2,0), equation
(2.24) holds as a strict inequality when a = 0. By continuity, (2.24) also holds for all small
a > 0. Picking one such a, then taking the g — 0T limit of equation (2.22) yields

_ limg o 10(8, v0) fll2 _

2.25 ,
(22 = 1712 >

giving a contradiction.
The g — oo limit of v.(g) is easier. If v.(g) — v > —o0, since || Q(g, v)| is decreasing
in v, for any g > 0 we have

(2.26) 1=]0(g.ve(®)] = [ Q. vD)|-

As in the proof of Lemma 2.4(iii) (now with g — oo instead if v — 00), the right-hand side
converges to 0 as g — oo, giving a contradiction.
This completes the proof. [J

2.3. Infinite-volume two-point function. In this section, we prove Gf.\} — G;j and give
an inner product representation of G;;. As a corollary, we obtain asymptotics of G;; as |j —
i| — oo.

PROPOSITION 2.8. Let g > 0. There exists € = €(g) > 0 such that for Re(v) > v.(g) —¢:

(1) The limit g = limy_ o0 TN[ﬁ] exists in L?[0, 00). Moreover, the convergence is
locally uniform in g and v, and q(t; g, v) is continuous in t, g and holomorphic in v;
(i1) For any integersi < j, the two-point function G;;(g, v) is finite and is given by

(2.27) Gij(g,v)= lim Gjj(g,v)=({0"""(q).4).
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The proposition is proved via the contraction mapping principle. Recall v.(g) € R makes
the operator norm || Q(g, v.(g))|| = 1. The Q77" in the representation (2.27) hints at different
behaviors of G;; when ||Q| <1 and ||Q| > 1 as |[j —i| — oo.

COROLLARY 2.9. Let g > 0,v € R, and ¢ be given by Proposition 2.8. Then:

1) Ifv>vc(g), Gij(g,v) decays exponentially as | j —i| — o0.
(i) If v=vc(g), Gij(g, vc(g)) converges to a nontrivial limit as |j — i| — o0.
(iii) Ifve(g) — & <v <v:(g), Gij(g,v) diverges exponentially as | j — i| — o0.

In particular, we have the critical exponent n =1 (see (1.9)).
PROOF OF COROLLARY 2.9. When v € R, by Lemma 2.3, Q is compact, positive, self-
adjoint, and || Q|| is an isolated eigenvalue with a strictly positive eigenvector h. Let Pjjg)

denote the projection into the eigenspace of || Q||. If Pjg|(q) # 0, then (2.27) and the spectral
theorem implies

(2.28) Gij(g,

|j —i| = oo,

which gives the desired result. Hence, it is sufficient to prove P (q) # 0.

Recall the definition of the operator T in (2.5). Since Tf () > /p(t)e”" > 0 when f >0,
a simple induction yields that ™V [/P1() = J/pt)e~" for all N. It then follows from the L?
convergence in Proposition 2.8(i) that

(2.29) q(t) = \/pt)e™

for almost every ¢, which implies (g, #) > 0 and Pjg|(q) # 0. This concludes the proof. [l

2.3.1. Proof of Proposition 2.8(i). Step 1. We first consider a fixed pair of parameters
g >0, v e R, and define the auxiliary linear operator

(2:30) AF (1) = /0 Y f ek, s>\/§ ds,

so that Tf(t) = +/p(t)e™" + Af(t). We will view A as an operator on a weighted L" space
and show that it is a contraction when v > v.(g).

For 1 < r <2, we define w(t) = t~'/? and the measure du = w(r)dt on (0, 00). Let
¥’ € (2, 00) denote the Holder conjugate of . Since /p(t) is bounded near ¢ = 0 and has
exponential decay, 4/p(7) belongs to L" () = L7, for all r < 2. For a function & € L;’ , by
definition of ’, we have

(231) fo o dpio = f [h)]" md / (@)=Y dr,

soh e Lr if and only if A(r)t1="/2 ¢ Ldt, with ”h”Lr/ = |h@)t"- ’)/2|| . Similarly, for
d

felL’,wehave f € L’ if and only if f(z‘)t_l/2 € Ldt, with ||f||Lr = ||f(t)t_1/2||Lr We
view A as an operator from L}, — Lj,, and define another operator B L, — L}, by

(2.32) Bf(t) = /Ooof(s)kl(t,s) ds.
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Both A and B are bounded operators because ki(-,-) has exponential decay by assump-
tion (H3). For f € L}, and h € L}, observe that

af= [ [ fom. s>\/§ dsdp(o)

(2.33) Y R ION NN IO)
_/O ), ﬁkl(t,s)dsdt
= (B(f )1~ n(t) 172,
SO
ANy, = sup{[(AS. m)p| 1 g, = Wl = 1}
(2.34)

= sup{[(Bf. )ar | 1 flly, = Il =1} = 1Bz, -

Thus, to prove that A is a contraction, it suffices to prove || B]| L, < 1 for some 1 <r < 2.
For simplicity, we write || B||, = || B]| L,

For r = 2, the methods of Section 2.2 show that B : Lfit — Lfit is compact, self-adjoint,
and has a continuous, strictly positive eigenvector # with eigenvalue || B||2, which we nor-
malize to have ||i]|> = 1. Since the modified Bessel functions satisfy I < Iy pointwise,

(2.35) |Bll2 = (Bh,h) < (Qh,h) <|Q].

Then by the Riesz—Thorin interpolation theorem, for 1 < r <2, we have
1-6 [ 1-6

(2.36) 1Bl < IBIL " 1BIS" < 1BI, 1017

for some continuous function 6(r) € (0, 1] with 6(2) = 1. Since || B||; < oo, continuity im-
plies that || B, < || Q|| when r is sufficiently close to 2. Hence, for v > v.(g) (which satisfies
1Q(g,v)|| <1) and r slightly less than 2, we get ”A”LL = ||B||» < 1, showing A to be a
contraction in LL.

Step 2. We now allow v to be complex. Let gg > 0, v9 € R be such that || Q(go, vo)|l < 1.
By Step 1, there exists some rg € (1, 2) for which || B(go, vo)ll,, < 1. Since the map (g, v) >
|B(g,v)lly, is continuous, there exists § = §(go, vo) > 0 such that ||B(g, v)l|l,, < 1 for all
lg — gol <46, |v —vg| <38. We first show uniform L,’f convergence for (g, v) in the tube

(2.37) So={(g.v) € (0,00) x C:|g — gol <8, |[Re(v) — wp| <6},

where di(t) = t~"0/? dt, and then we prove chh convergence using Holder’s inequality. The
¢ in the statement of the proposition is given by £(go) = §(go, vc(g0))-
We extend the definitions of 7" and A to include dependence on g and v. Let

238)  Xo={y:(0,00) x S — ClI¥lx, = e ¥ gl < 0.
8,V)€ES0

We define operator T Xo — A and linear operator A: Xo — Ap by

(2.39) (AY)(t, g,v) = / Ty g ks g, V>\ﬁ ds,
0 S
(2.40) (TY)(t, g, v) =/ p(t; g, v)e™ + (AY)(t, g, ).

These are indeed well-defined operators into Xp, because all (g, v) € Sg are dominated by the
left real boundary point g* = go — §, v* = vy — &, in the sense that

(2.41) | /p(t: g, v)| _ |e—%8¢(t)—%vt| < e—%g*(ﬁ(l‘)—%u*t _ /p*(t),
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where the last equality defines p*(z). Writing A* = A(g*, v*), we have
(2.42) ’(Al//)(l,g, V)| < Ay, g v|)(@) Vv,

SO
@43) JAvCog o < [A* W Cg o < A" o lv gm0 V(g v) € So.

Taking supremum yields

(2.44) sup AW, g0 0 <[A*| 0 sup [ (g )],
(8.1)€SH g " (gmeSo g
which gives the operator norm A < HA*”L:P = ||B(g*, vl < 1, showing A to be a

contraction on Aj. Since
(2.45) Ty — Ty =AY — Ay V1, v € X,

T is also a contraction. It follows that g =limy_ TN [/P] exists in Xj and is a fixed point
of T.

We next show that the convergence also happens in L?h, uniformly in (g, v) € Sp. Let
ki(t,s)=ki(t,s; g%, v*). Since f"q =gq, by (2.45), (2.41), Holder’s inequality, and (2.31),

(g = TV 8, v) = [A(g = TV VP, 8, )]

ffo (@ — TV VPG, g, V)|ki‘(t,s)\/§s’0/2 du(s)

r/
Laps)

(2.46) t
<[(q =T VPG, 80| o | KT €2, s)\[;sro/z

=[(a = T"IWPNC & o IKF @ V] g
ds
Taking supremum over (g, v) € So, and then the Lflt norm, we get
@47 [suplla = T*1yP @ g0l o < o= TV LTV,
s t ds

The first term goes to 0 by the convergence in X, and the second term is finite because k} has
exponential decay by assumption (H3). This proves that TV [ J/Pl— ¢qin th. Also, replacing
the th norm in (2.47) by a supremum over ¢ > 0 shows that TV [/P] — ¢ uniformly in
t >0 andin (g, v) € Sp. It follows that g (¢; g, v) is continuous and is holomorphic in v (as
all TV [/p] are holomorphic in v). This concludes the proof of Proposition 2.8(i). [

2.3.2. Proof of Proposition 2.8(ii). Let i < j. The second equality in the claim (2.27)
follows directly from Proposition 2.1, part (i), and the continuity of Q. To prove the first
equality, we first prove Pl.]}’ (g, T)— P;j(g, T). This argument is adapted from [2]. Notice if

a walk never reaches £ N, then it contributes the same to F IN [-]and E;[-]. Therefore, a walk
starting at i must make at least min{|N — i|, |—N — i|} steps to make a difference. Using
L7 x>0 forall x,

.48 |PY (3. T) — P;j(g. T)| < 2P;(X hits one of & N by time T)
' =2P(My > min{|N —i|,|-N —il}),



5534 Y. LIU

where M is a Poisson process with rate 2. For a fixed T, this probability converges to 0 as
N — o0.
Since Pi]}] <1 by definition, when v € R and v > 0, dominate convergence implies that

o0 ..
(249)  Gjj(g,v) = lim / PY(g. T)e " dT = lim G[¥(g.v)=(0'""(¢).4).
N—o00J0 N—o00
Note both sides of (2.49) are finite and holomorphic in v for Re(v) > v.(g) — ¢, as
(250)  [Gij(g.v)| < Gij(g.Re(w) < lim Gfj(g.Re(v) =(077(@). 4], rey)

by Fatou’s lemma. By the uniqueness of analytic continuation, (2.49) must hold for all
Re(v) > v.(g) — ¢, giving the first equality of (2.27). U

2.4. Susceptibility and correlation length. In this section, we prove results about the sus-
ceptibility and correlation lengths.

PROPOSITION 2.10. Let g > 0, v. = v.(g), v € C with Re(v) > v, and q be given by
Proposition 2.8. Then:

(1) The one-sided susceptibility x(g, V) is given by

(2.51) x+(8. 1) =) Goj(g. 1) =(0(1 — O)"'(9). ).

j=1
and there is a constant u = u(g) > 0 such that

u <_3IIQII

(2.52) x+(g,v) ~
V=V, av

-1
) L vl
v=1(g)

(i1) ve(g) 0.

We have isolated a constant u in the residue of y, in (2.52), because u shows up in the
calculation of correlation lengths also. By symmetry, the two-sided susceptibility is given by
x(g,v) =2x4+(g,v) + Goo(g, v). Since Gy is regular as v — v, by Proposition 2.8(ii), we
obtain Theorem 1.3(i1).

PROOF OF PROPOSITION 2.10. (i) Let Re(v) > v, s0 ||Q(g,v)|| < [|Q(g,Re(w))| < 1.
Using Proposition 2.8(ii), we have

(2.53) X+ =Y [107@).d) = Y1101 1Ig13 < co.

j=1 j=1

Since the convergence is locally uniform in v, x4 is holomorphic in v. When such v is real,
by the monotone convergence theorem and holomorphic functional calculus, we have

oo o0

(2.54) x+(g.v)=)(0'().q)= <Z 0’ (), é> =00 -0 (@.4q).
j=1 j=1

It then follows from the uniqueness of analytic continuation that the equality holds for all

Re(v) > v..

To determine the divergence of x4 as v — v, we restrict to v € R so that Q is self-adjoint.
By the spectral theorem, we can decompose g = v + w where v = P (¢) is the projection
of ¢ into the eigenspace E| g, and w € (E||Q”)L. Since || Q]| is a simple eigenvalue, by the
Kato—Rellich theorem [12], Theorem XII.8, this decomposition is analytic around v = v,
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(where || Q|| = 1), and there exists § > O such that the spectrum of Q(g, v) intersects {A €
C]||A — 1] < 8} at exactly one point, for all v sufficiently close to v,. In particular, this implies
that all other eigenvalues of Q are bounded by 1 — § as v — v.. Hence, using that g is
continuous at v., we have

x+(gv) =001 — )9, q)
=01 - 0)'w),0)+ (001 — O)~ (w), w)

1O _ _
2:55) =1_—“Q”||P||Q||(q)||§+<Q(1—Q) '(w), w)
1 2
~—|Pi(ql) |5+ 00, v—l.
Since %h}:vc: lim,_,,, ”VQJ: , we get
1 Yl )_1 2 n
2.56 V)~ ——|— P , ,
(2.56) x+(g,v) v—vc( M |y, [Pr(gh )l v
which is the desired result with i = || Py (g],,) I3
(ii) Since Z?‘;l Pyj <1, when v > 0, we have
o 00
(2.57) x+(g ) =Y Gojlgn) = [ 1-e7TaT <0
0

j=1

by the monotone convergence theorem. But x4 (g, v.(g)) = oo by part (i), so we must have
ve(g) <0. U

The same method applies to correlation lengths of integer orders.

COROLLARY 2.11. Let g > 0, v. = v:(g), v € C with Re(v) > v, and q be given by
Proposition 2.8. Then

(2.58) Y jiGoj(g.v)=(01 — 0) (). q),
j=1
and
o . o110l -2 n
(2.59) jX::l]G()J(g,U) P~ (— ™ u:vc@) . vl

with the same constant u as in Proposition 2.10.
In general, for any k € N, we have

u-k! (_BIIQII

(v — v )kl v

—(k+1)
) ., v—ovh

C

o0
2.60) Y j*Goj(g.v)~
j=1

v=v(g)
Thus, using symmetry, the correlation length of order k (defined in (1.11)) satisfies
(k' (_ allall

-1
) , V—> v;",
v=1(g)

(2.61) §k(g. v) ~ ”

_UC

which gives the critical exponent vy = 1.
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PrROOF. For Re(v) > v, by the same argument as for Proposition 2.10,

(2.62) Y jGoj(g.v)=)_jl0/(q).q)= <Z ij(q>,c7> =(0(1 - 0)2(q),q)

The proof of the asymptotic formula is analogous. For k > 2, we calculate Z?‘;l j*07 vy
differentiating the geometric series, then we use the same argument. []

3. Time asymptotics. In this section, we prove asymptotic results as 7 — oco. We first
prove a general Tauberian theorem, which utilizes analyticity properties of the Laplace trans-
form on the boundary of the region of convergence. Then we apply the Tauberian theorem to
prove Therorem 1.2.

For a function f : [0, c0) — R, we define its Laplace transform L f to be the complex-
valued function

o0
(3.1) Lf(z) =/ f(Tye T dT.
0
3.1. Tauberian theorem. The following is our Tauberian theorem.

THEOREM 3.1. Let k € Ng. Suppose f :[0,00) — [0, 00) is differentiable and let its
derivative be decomposed as ' = ay — a_ with ax > 0. Suppose each of the Laplace trans-
forms L f(z), Lai(z) converges for Re(z) > 0 and can be extended to a meromorphic func-
tion on an open set containing the closed half-plane {z € C|Re(z) > 0}. Suppose L f(z) has
a unique pole of order k + 1 at z =0, and each of Lay (z) either has a unique pole of order
<k + 1 at z=0 or is holomorphic. Iflim,_.o 2" L f (z) = C > 0, then
(3.2) lim @ = g

T>oo TH k!

The main tools to prove our Tauberian theorem are the following two theorems. The first

is from [11], Theorem I11.9.2, and the second is from [10], Theorem 4.1.

THEOREM 3.2. Let a(t) =0 for t <0, be bounded from below for t > 0 and be such
that the Laplace transform G(z) = La(z) exists for Re(z) > 0. Suppose that G(-) can be
analytically continued to an open set containing the closed half-plane {z € C|Re(z) > 0}.
Then the improper integral limy _, oo fOT a(t) dt exists and equals G(0).

THEOREM 3.3. Let a(t) be integrable over every finite interval (0, T), and let La(z)
be convergent for z > 0. Suppose La(z) can be extended analytically to a neighborhood of
z = 0. Finally, suppose that

(3.3) a(t)= =y (1) (1>0),

where (1) is continuous for t > 0 and of the form t¥ L(t), L(t) slowly oscillating.2 Then

T
(3.4) ‘,/0 a(t)dt — lin%)ﬁa(z) =0(yY(T)), T — oo.

2L . (0, 00) — (0, 00) is said to be slowly oscillating if it is continuous and L(ct)/L(t) — 1 as t — oo for
every ¢ > 0.
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Notice Theorem 3.3 does not assume 1 (7) — 0, so the conclusion is different from that
of Theorem 3.2. Under the hypotheses of Theorem 3.2, we can take the 1 (7") in Theorem 3.3
to be a constant function, then Theorem 3.3 only gives that fOT o — G(0) = 0(1), which is
weaker than the conclusion of Theorem 3.2. Nevertheless, the flexibility of Theorem 3.3 is
that we can take 1 (T") to be, for example, polynomials, and the consequent polynomial upper
bound is sufficient for our purposes.

PROOF OF THEOREM 3.1. The framework of the proof is as follows. We will first use
Theorem 3.3 on a modification of oy to prove f(T) = O (T*). Then we will use Theorem 3.2
on a different modification of f and a4 to show that limy7_, o % exists. Finally, we use the
Hardy—Littlewood Tauberian theorem to identify the limit.

By the assumptions on Lo, there are A, B; € R such that

k+1 k+1

(3.5) £a+(z)=2%+0(1), [,a_(z)zz%—l—O(l)
=1 =17

as z — 0. We claim Ay = Bi1. This is because for z > 0, integration by parts gives®
L[ f'1(z) = zL[f1(z) — f(0). By assumption, L f has a pole of order k + 1 at 0, so L f'(z)
has a pole of order k at 0. The relation f’ =« — «_ then forces Agy1 = Bj1.

We subtract polynomials from o so that the Laplace transforms of the resultant functions
no longer have poles. Let

) k+1 Ti—1 ) k+1 TJi—1
(3.6) a+(T)=a+(T)—jX::1Ajm, a_(T)=oz_(T)—j2::IBjm.

Since L[T7~1/(j — D(z) =z/, La+(z) are regular as z — 0. From the assumptions on
Lo, we get that Loy extend analytically to an open set containing the full closed half-plane
{z € C|Re(2) > 0}.

We focus on o, the argument for «— is analogous. Since o4 (7") > 0, we have @ (T) >

— le‘ii Aj (?L_ll), To apply Theorem 3.3, we define

Ty = Trmad A SR, T
(3.7 v =T"L(T)=T max[ o LT ;Aj(j—l)! ’

soay (T) > —y(T).For T large enough, we have L(T) = % +1, so L is slowly oscillating.
Therefore, by Theorem 3.3,

T
(3.8) V a4 (t)dt + const| = O(Tk), T — o0.
0

The same equation holds for &_ in the place of &,. We subtract the two equations and use
the definition of &+, f' = a4 —a—, and Ag41 = Bi+1, to get

j—1

T / a t k
(3.9) ’/0 (f ®) —;(Aj —Bj)m> dt +const| = O(T"), T — oc.

Since the polynomial term integrates to O(TF), we get f(T)= f(0)+ fOT = O(T*) as
T — oo.

3For the boundary term, the existence of the limit limy_, oo f (T)e T follows from the existence of the Laplace
transforms £ f(z) and £ f/(2).
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Next, we will prove that limy_, 5o % =lim7_, (Ijjfl))k exists. By the fundamental the-
orem of calculus,
f() T f@ /T f@
3.10 ——=f(0 dt —k —
G0 arof TOT ) G T L G

We first calculate the limit of the second integral using Theorem 3.2. Since L f has a pole of
order k + 1, there are C; € R such that

k+1

CA
(3.11) Lf@=) —4+0(1), z—0,
=
where Ci41 = C in the hypotheses. Analogous to &+, we define
~ k+1 Ti-1
(3.12) fD =10 =2 Ciyy;
j=l1

then £ f extends analytically to an open set containing the closed half-plane, but f is no
longer bounded from below. To fix this, we apply Theorem 3.2 to f(T)/(T + D)¥*!, which
is bounded from below. For z > 0, the Laplace transform L[ f(T)/(T + DK*1(2) exists by
domination, and L[ f (T)/(T + 1)**1](z) exists by linearity. By a simple induction on k,
(3.13) ﬁ[ﬂ](z) = [Tasy [T e [ dsiaie L1 f ok

' (T + Dk : i w i

This equation also holds for complex z with Re(z) > 0 because £ f is analytic and the open
half-plane is simply connected. Also, since £ f can be extended analytically to the closed
half-plane, (3.13) extends L[ f (T)/(T + 1)¥*1] analytically to the closed half-plane as well.
Thus, by Theorem 3.2,

T f® £ (1)
19 fim [} e =l ] o e |
Since f and f differ by a polynomial, we get
r fo Cr+1
3.15 dt = log(T+1)+L 1
(3.15) | G =T Toa(T 4 D+ Ly +o()

for some finite L.
Next, we calculate the first integral of (3.10). We use the same strategy and apply Theo-
rem 3.2 to @+ (T) /(T + 1). This gives
T ag(t T
lim @) 1m£[ (1) }()
T-ooJo (t+ l)k =0 (T + l)k
Since @+ and @4 differ by polynomials, if £k > 1, we have

(3.16)

T oy (1) T Agp Ay
3.17 =/ dt log(T+1)+L D),
CID - GiF 0 kxR T g pee A A Lo

T a_(1) T By 1 By
3.18 dt log(T+1)+L D),
CIOJ, @ nr ./0 Warf T G e DA Lo
for some finite L,, L3. We subtract the two equations and use f’ = oy —o— and Agy1 = Bi1
to get

T o Ay — B

3.19 dt = “log(T+ 1)+ Ly — L 1
(3.19) [ e =Gy o D La = Ly o),
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Combining equations (3.10), (3.15), and (3.19), we obtain
F(T) A — Br — Cryi
(T + 1)k (k — 1)!
for some finite L4. Now since f(T) = O(T%), the left-hand side of the equation is bounded.
This implies Ay — By — Cx4+1 =0 and lim7_, « (z{cﬁ)}k = Ly4.
If k =0, since Ag+1 = Bi41, we have f' =oaq —a_ =&y — &_. Denoting [;°~ g =
limy_ o fOT g, equation (3.16) gives

(3.20)

log(T + 1) + L4+ o(1)

3.21) /Ooo_ f = /OOO_ Gy — & = lim Ll — 3-1() = lim L1'(2).

Asz — 0T, wehave L f(z) =zL[f1(z) — f(0) = C — f(0). It then follows from [;° f' =

limr— o f(T) — f(0) that limy_, o f(T) =
It remains to identify L4 for the k > 1 case. Since f > 0, the Hardy-Littlewood Taube-
rian theorem [11], Theorem 1.15.1, states that £f ~ Cz~**+D as z — 0 implies fOT f~

(kfl)' Tk as T — oo. From this Cesaro sum and existence of limz_, %, it is elemen-
tary to identify that lim7.o L2 = §. O

3.2. Proof of Theorem 1.2. 'We prove asymptotics for the numerator and the denominator
of (1.7) separately. The quotient of the limits then yields the theorem. We begin by proving
two lemmas that will be used to verify the hypotheses of Theorem 3.1. The first lemma
calculates derivatives, and it is proved in the same way as the Kolmogorov forward equations.
The only difference is that we get an extra term for staying at site j.

LEMMA 3.4.  Recall Pyj(g,T)= Egle”* ZX¢(LT'X)]IX(T):j]. We have:
(i) Forany j € Z,

3 Py;

(3.22) 3T

(ii)

—gEo[¢' (L1 j)e 8 2x BTy py i1+ (Po j—1 — 2Py + Po,j41).

S _
(3.23) —T Z 0; (8. T) = —g Z Eo[¢' (L1, j)e 8 2P L1y 1) _ 14 (Poo — Por).

(ii1) Fora yk eN,
(e e]

Z POJ(S,T)——gZJkEO¢(LT Ne 8 Xx LTIy 0]

+ Poo + (2K = 2) Py +2§:<Zk: G)jk_l)POj-

j=2\1=2
leven

(3.24)

PROOF. (i) Let T >0 and & > 0. Consider
(3.25) Poj(g, T 4 h) = Eg[e 8 Zx PLren ).
We separate the right-hand side into three events. If the walk makes no jumps between time
T and T + h, then X(T) = j, and
Lrj+h x=],

(3.26) Lrinx= .
B {LT,x xX#J.
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Since the jump rates of the walk are 1 to the left and 1 to the right, the probability for this
eventis e 2" =1 —2h + o(h).

If the walk makes exactly one jump between time T and T + &, then X(T) = j &= 1 with
equal probability. For each of the starting points, the probability of jumping to j by time
T +his 1 —e ™" =h+o(h). If the walk makes more than two jumps between time T and
T + h, this happens with O (h?) probability. Combining the three events, we get

Poj(g. T +h) = (1 — 2h) Eg[e~$10Lr it s 0Ly y o ]

(3.27)
+hPoj-1(g, T)+hPojr1(g, T)+o(h).
Thus,
. Pyj(g, T+h)—Py(g,T) _
(3.28) Jim, == T = Eo[(~8)¢' (L1 j)e =0y )]

—2Pyj (g, T)+ Po,j—1(g, T)+ Po,j+1(g,T).

The left limit # — 0 is proved similarly.

(i1) This is from summing (3.22) over j € N.

(iii) This is from summing j* - (3.22). For j > 2, using the binomial theorem, the coeffi-
cient for Py; is

k k
629 (-0t =2+ G0 =2 (1) e =2 Y ()
lle:vgn

I=1
which gives the desired result. [J
The next lemma establishes analyticity properties. The proof is algebraic.

LEMMA 3.5. Let g > 0and v. = v.(g).

(1) Forany 0+#y e R, 1 is not in the spectrum of Q(g, v +1y).

(i) The map v +— x4+(g,v) = Z?‘;l Goj(g, V) can be extended to a meromorphic func-
tion on an open set containing the closed half-plane {v € C|Re(v) > v.}, and it has a unique
pole atv =v,.

(iii) For any k € N, the map v +— Z?‘;l jkGoj (g, Vv) can be extended to a meromorphic
function on an open set containing the closed half-plane {v € C|Re(v) > v.}, and it has a
unique pole at v = v..

PROOF. (i) Since Q is compact, we only need to prove 1 is not an eigenvalue. Denote
0= 0(g,ve) and k.(¢, s) = ko(t, s; g, vc) for the kernel of Q.. For y # 0, define an operator

Uf() = f(t)e_%iyt. Then Q = Q(g, v +iy) can be decomposed as
(3.30) 0f (1) = /O " Fe)e ek (1, 5y ds = U QUF (1),

Suppose Qf = (UQ.U)f = 1f, then by definition of U, we have e_%iy’QCUf(t) =
f(t),s0

iyt —Liye iyt 2
(3.31) (QUS, Uf)=/ e f(r)e 2" f(f)df=/ e f(n]”.
0 0
Since Q. is a positive operator, we have

(3.32) (QUS, QUS) < 11QcI(QcU Y, Uf>=1-/0 ' f ) dr.
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But (Q.Uf, Q.Uf) = Jo° eV F(1)eV F(r)dt = JsC1f @))?dt, so plugging in and taking
the real part give

(3.33) 0< /Ooo(cos(yt) —1)|f @) dt.

For y #£ 0, cos(yt) — 1 < 0 for almost every ¢. This forces f = 0 almost surely, so 1 cannot
be an eigenvalue of Q.
(ii) By Proposition 2.10(), for Re(v) > v,

(3.34) x+(g. ) =(0(1 —0)"'(¢).4q).

By Proposition 2.8(i), g is holomorphic in v for Re(v) > v. — €. Since the conjugation g and
the conjugation of the second argument of the inner product cancel each other, it suffices to
prove that (1 — Q)™ is well-defined on an open set containing the closed half-plane, except
atv =v,.

By part (i), (1 — Q)" is well-defined at v = v, + iy with y # 0. By continuity, (1 — Q)~!
is well-defined on a small neighborhood around all such v = v, 4+ iy, y #0. At v = v, we
know 1 is the largest eigenvalue of Q(g, v.) and it is simple by Lemma 2.3(ii). Hence, the
Kato—Rellich theorem identifies the top of the spectrum A(v; g) of Q(g, v) near v = v, (also
see Remark 2.6). Since for v € R we have A(v; g) = || Q(g, V)|, the function A(v; g) must be
nonconstant. Thus, there exists a punctured neighborhood of v = v, in which A(v; g) # 1. In
this punctured neighborhood, (1 — 0)~ ! is well-defined. Together, this proves that (1 — 0)"!
is well-defined on an open set containing the closed half-plane, except at v = v.. The right-
hand side of (3.34) then gives the desired extension.

(iii) For k = 1, this follows from the same reasoning and equation (2.58), which states that

3 jGojg ) =(0(1 - 0 2@),d),  (Re(v) > vc).

j=l1

Similarly, for k > 1, we use

(3.35) Y j*Goj(g.v) = <<Z ijJ')(q), é>, (Re(v) > ve).

j=1 j=1

Note that Z?‘;l %07 belongs to the Z—algeb.ra generated by Q and (1 — Q)~! by holomor-
phic functional calculus, because Z?‘;l j*z7 belongs to the Z-algebra generated by z and
(1 —z)~! (by differentiating (1 — )~ = Z?‘;O 2. O

PROOF OF THEOREM 1.2.  We will see that 8(g) = (=L@}, _, ))~!. First, we handle
the denominator of (1.7). Fix g > 0. Define

(3.36) f(T)=7)" Poj(g, T)e " >0.
j=1

We differentiate f using the product rule and Lemma 3.4(ii). Let

e.¢]
(337 ar(T)=—ve Y Poj(g, T)e™"" + Poo(g, e "7,
j=l1

00
338) a(T)=g¢g Z Eo[ff)/(LT,j)e_gZX ¢(LT’X)]IX(T):]‘]€_U"T 1 Py (g, T)e_V”T,
=1
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then f' = a4 — o and oy > 0, because v, < 0 by Proposition 2.10(ii) and ¢’ > 0 by as-
sumption (H2).

Notice Lf(z) = x+(g,ve + 2), so Lf(z) converges for Re(z) > 0 by Proposition 2.10
and extends to a meromorphic function on an open set containing the closed half-plane by
Lemma 3.5. For Loy (z) = —vex+(g, ve + 2) + Goo(g, ve + z), the same is true because
Goo(g, ve + z) is holomorphic in z for Re(z) > —e by Proposition 2.8. For L« _, using the
method of Section 2 and assumption (H4), it is easy to prove that

(3.39) LEo[¢' (LT e 82?101y ] =(07[q1(r), ¢'(1)q (1)).

The required properties then follow analogously. We also know L f has a unique simple
pole at z =0, and each of L4 either has a unique simple pole at z = 0 or is holomorphic.
Therefore, by Theorem 3.1 with k = 0 and the v — v asymptotics in (2.52), we conclude

_( 9l -
—u\—- |U ve(g) ’ T — co.

o0
3.40 Pyi(g, T)e T
(3.40) > Pyj(g. T)e >

j=1
For the numerator of (1.7), we use

(3.41) F) =Y j*Pyi(g. Tye T,
Jj=1

o0
ar(T)=—ve ) j Poj(g. The ™"

j=1
(3.42)
o0 k k
+ |:P00 + (2" _ 2)P()1 +2 Z( Z (l) jk_l>P0j:|e_vCT,
llevgn

e.¢]
343)  a(T)=gy  j*Eol¢'(Lr e 8 Xx Lm0y gy jle T

j=1
This £ f has a pole of order k + 1 by Corollary 2.11. It follows from Theorem 3.1 and the
v — v} asymptotics in (2.60) that

o .k T a0 &0
(3.44) > j*Poj(g. Te ™™ ~12< T'” W(g)> T¢, T — .
j=1

Dividing by the denominator (3.40), we get

35217 Poj(g.T) <_8||Q||
Z?.;l PO](gvT) v

which is the desired result with (g) = (— Q” lv=ve(g)) ™ IO

—k
|v:v(-(g)> Tk, T — oo,

4. Monotonicity of speed. In this section, we prove that the escape speed 0(g) =
(— 3“3;?” lv=v.(g)) ~! has a strictly positive derivative 6(g) > 0. In Section 4.1, we first build a
sequence {c,};°, for every g, and we prove that 6’(g) > 0 is equivalent to co +2 Y72 | ¢, >
0. Here, ¢, is related to the nth power of the operator Q evaluated at (g, v.(g)) (see (4.5)). In
Section 4.2, we use stochastic dominance to prove ¢y > 0 and ¢, > 0 for all n, which imply
0'(g) > 0 and complete the proof of Theorem 1.1.

Since we only encounter the operator Q in this section, for simplicity, we write k(¢, s) =
ko(t, s) for the kernel of Q (see (2.6)). Also, we assume v € R throughout the section.
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4.1. Reduction. We begin by calculating 6’(g) using the implicit function theorem. Us-
ing subscripts for partial derivatives and denoting A = || Q||, we have

d 1 dv,
_<—) = _)\vg - )\vv—

dg \0(g) dg

= _)\vg - )va(_)\g/)‘v)

= ()\vg)w - )\vv)\g)/(_)‘v)-

Since A, < 0 by Lemma 2.4, we have 0’ > 0 if and only if Avghy — AypyAg < 0. This com-
bination of derivatives is central to the reduction so we give it a name. For a C? function
F = F(g,v), we define

4.2) LIF]= FyoF, — Fy, F,.

@.1)

The goal is to prove L[A] < 0. However, it is difficult to calculate L[)] directly because of the
second derivatives. Instead, as suggested in [8], we can calculate L[{Q"(g, V) f, f y1/7] for
some f > 0 and then send n — co. The idea is to utilize |Q(g, v)|| = lim,— o {(Q" (g, V) f,
f£)Y/"_ This is justified by the following lemma, with f chosen to be a leading eigenvector

of Q.

LEMMA 4.1. Fix go > 0 and vg = v.(go). Let hy be the positive normalized leading
eigenvector of Q(go, Vo), that is, ho satisfies Q(go, vo)ho = ho, hg > 0, and ||\hg|l2 = 1. For
any n > 1, define

(4.3) Hy(g,v) =(Q"(g. v)ho. ho)''".

Then for x = g, v, we have 0, Hy, (g0, vo) = Ay and 0,0, H, (g0, Vo) — Aypx as n — 00. Hence,

4.4) lim L[Hn]| = L[K]|
n— oo

80,V0 80,V0°

This lemma is proved by calculating L[ H, ] using differentiation rules and calculating L[]
using Cauchy’s integral formula. The proof is given in Appendix B. The function H,(g, v) is
more tractable than the operator norm A(g, v) = | Q(g, v)|.

LEMMA 4.2. Assume the hypotheses of Lemma 4.1. For any n > 0, define

en = 0" [tho()](5). § (5)ho(s)) - / sh3(s)ds
(4.5) 0

Q" [tho()](s). sho(s)) - fo ~ $(s)h3(s) ds,

with Q evaluated at (go, vo). Then for alln > 1,

1 1 1 "<
(4.0) L[Hn]|g0ﬂ,0=——(—§Co+icn+ZZC|j—i>-

n i=1j=1

Combining the two lemmas, we sum diagonally (the convergence of the series is controlled
by the second largest eigenvalue, which is < 1) to obtain

4.7 L[A]|

80,V0 80,v0

o
= lim L[H,l|, ,,=—co—2 Z} Cn.
n—=
In the next subsection, we will prove c¢gp > 0 and ¢, > 0 for all n. This will allow us to
conclude L[A][g, v, < 0, which is equivalent to 0'(go) > 0.
The proof of Lemma 4.2 uses the following lemma due to [8].
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LEMMA 4.3. Let F = F(g,v) be C? and ¢ : R — R be differentiable on the image of F.
Then

(4.8) L[$(F)] = (¢'(F))’LIF].
PROOF. This is a direct calculation using differentiation rules. We have
L[$(F)] = (¢(F)), (#(F)), — ($(F),,($(F),
= (' (F)F,),(¢' (P Fy) — (¢'(F)F), (¢ (F) Fy)
= (9" (F)FgFy +¢'(F)Fog) (9" (F)Fy) — (¢ (F)Fy Fy + @' (F) Fi) (¢ (F) Fy)
= (¢/'(F))*(FugFy — Fu Fy)

= (¢'(F))’L[F],

which is the desired result. [J

PROOF OF LEMMA 4.2. We use Lemma 4.3 with ¢(¢r) = t!/" and F(g,v) = (Q"(g,
v)ho, ho). By the hypotheses, we have (Q"(go, vo)ho, ho) = (ho, ho) = 1, hence,

1 \2
(4.9) L[Hyll, . = (;(1)) L[{Q" (8, v)ho, ho)] 4, -

We calculate the right-hand side next. Since kg is fixed, we only need to differentiate Q.
Recall Q was defined in (2.6) by

0f (1) = [0 FOk(,s)ds,

k(t,s)=./p)y/p(s)e” e Io(2+/s1),
Ip(t) = o~ 280N —3vi

Observe g and v enter the kernel only through ,/p. Writing out all n integrals in Q" h yields

(4.10) (Q"ho, ho) = /(0 i ho(sp)k(sp, sn—1) -+ -k(s1, S0) - ho(so) ds,

where ds = dsq - - - dsy,. Thus, the g-derivative is

i(Q"ho,ho>= —/

<1¢><s 3 80+ 2o ))
(4.11) dg ooyt \2°7 T T

~ho(sp)k(Sn, Sp—1) - - - k(s1, 50) - ho(s0) ds.
When evaluated at (gg, vo), we have Q(go, vo)ho = ho, so for each j,

@1 [Pk i) k1 50) ooy ds = [ s d
This gives

9 n o 2
(4.13) 512" h0- ol gy :—n/o ¢ (s)h3(s) ds.

The v-derivative is similar and gives a multiplier of —(%sn + Z’;;} sj+ %so) to the inte-
grand of (4.10). We get

0 o0
(4.14) %(tho’ ho)l g9 = —n/o shi(s)ds.
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For the second derivatives, we define

1
2 =0
(4.15) aj=ajn)=11 0<j<n,
1
2 I
then
82
5o5-{0"ho. ho)
(4.16) n
=Y Yaiay [ sk sam1) (st 50) - o(s0) d.
— (O,OO)nJrl

When evaluating at (go, vo), we have Q(go, vo)ho = ho, so

-/(O b ¢(Si)sjh0(sn)k(sn» Sn—1)---k(s1,80) - ho(sg) ds

4.17)
=(QV " [s;ho(s)](s0), p (5o (s))-
Thus,
32 n n -
(4.18) m(Q”ho,hoMgO,vo=§)izzoa,~a,~(glf [sjho(s;)] (1), @ (si)ho(si))-
Similarly,

82 non .o
(4.19) 310", holl g, 1 =D 3 cietj (@Y [sjho(s )]s, sikotsi)).

i=0j=0

Using the definition of ¢, in (4.5) and the definition of L in (4.2), combining the sums
above gives

L[(Qn(ga v)ho, h0>] |g0’,)0 = Z Z OliOlj(—n)C|j_i|

i=0 j=0

l 1 n n
= (—n)(—ECo + Ecn + Z Z C|j—i|)-

i=1j=1

(4.20)

This and equation (4.9) give the claim. [J

4.2. Stochastic dominance. In this section, we prove ¢ > 0 and ¢, > 0, which then imply
0’(go) > 0 by Section 4.1. In the following proposition, we rewrite the inequality ¢, > 0 in a
quotient form (recall the definition of ¢, in (4.5)). This allows the inequality to be interpreted
as an inequality between the expectations of two random variables.

PROPOSITION 4.4.  Fix go > 0 and vg = v.(go). Let Q = Q(go, vo). Let hg be the positive
normalized leading eigenvector of Q, that is, ho satisfies Qho = hg, hg > 0, and || ho|l2 = 1.
Then for any n > 0, we have

(Q"[tho(1)](s), ¢ (s)ho(s)) _ (Q"[tho(1)](s), sho(s))
4.21) N 5 > adider
Jo_ #()hy(s)ds Jo~ shi(s)ds

and the inequality is strict for n = 0.

’
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To illustrate the method of the proof, we will first prove the case n = 0 using (first-order)
stochastic dominance. For real-valued random variables X, Y, we write X < Y if P(X >
x) < P(Y > x) for all x e R. If X, Y have density functions fx, fy respectively, a sufficient
condition for X < Y is that fy/fx is an increasing function. A consequence of X < Y is that
EX <EY.

PROOF FOR THE CASEn =0. If n =0, the goal (4.21) reduces to
I s (hd(s)ds  [50s - shi(s)ds
> .
e hds)yds — [5°sh(s)ds

This can be written as EY > E X, where Y, X are random variables on (0, co) defined by the
density functions

sh(z)(s)

_ ¢6)hg(s) Sk
(4.22) fr(s) S shd(s)ds’

I Ihg(s)ds’
Notice fy(s)/fx(s) = c¢(s)/s for some positive constant ¢, so it is increasing by assump-
tion (H2). Thus, X <Y and EX < EY. The strict inequality follows from X and Y having
different distributions, which is a consequence of sg(s) > O forall s > 0. [

fx(s)

To prove the general case, we need a result on multivariate stochastic order. For random
vectors X,Y € R"*!, we say X XY if P(X eU) < P(Y € U) for any increasing set U C
R"'H.

LEMMA 4.5 ([14], Theorem 6.B.3). Let X = (Xo,..., X,) and Y = (Yy,...,Y,) be
R valued random variables. If Xo <X Yo and the conditional distributions satisfy
(4.23) [Xi|Xo=x0,..., Xi-1 =xi—1] S [YilYo=y0, ..., Yi—1 = yi—1]
whenever (xq, ..., Xi—1) < (Yo, ..., Yi—1) foralli=1,...,n,then X X Y. As a result, X, X

Y, and EX, < EY,.

PROOF OF PROPOSITION 4.4 FOR THE CASE n > 0. Recall Q was defined by Qf (r) =
f0°° f(s)ko(t, s)ds and we write k(¢, s) = ko(¢, s). With s, replacing ¢ and sg replacing s, the
numerator of the left-hand side of the goal (4.21) is

(Q"[t - ho)] (), #(s)ho(s))

(4.24)
= Sn - ho(sp)k(sn, sn—1) - - - k(s1, 50) - §(50)ho(s0) ds.
(0,00)”*1
We define a random variable Y = (Yp, ..., Y,) € ]R'jfl by the density function
1
(4.25) Jr(so,....80) = Z—Yho(sn)k(sn, Sn—1) -+ - k(s1, 50) - $(s0)ho(s0)-

Since the normalizing constant Zy is given by

Zy = / ho(sw)k(Sn. sn—1) -~ k(51 50) - $(50)ho(s0)
(0,00)”"’1
(4.26)

= (Q"ho. ¢ho) = (ho. o) = [ ™ 3 (s0)h3(s0) dso,
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the left-hand side of (4.21) is exactly EY,. Similarly, we define a random variable X =
Xo,...,Xp) € RTI by the density function

1
(4.27) Sx(s0, ..., 50) = Z_XhO(S")k(s"’ Sp—1) -+ -k(s1,80) - S0ho(s0),

then the right-hand side of (4.21) is exactly E X,,. We use Lemma 4.5 to prove EY,, > EX,,.
To see that X < Yy, notice the density functions for Xg and Yy are

1 1
(4.28) Fxo(s0) = Soho(so) fyo(so>=z—y¢<so>h%<so>

because Qhg = hg. The domlnance is proved in the n = 0 case. To show the dominance of
conditional distributions (4.23), we use conditional density functions. The conditional density
of X; given Xg=xq,..., Xi—1 = xj_1 18

1
(4.29) fiGsilxo, ..., xi—1) = Z—lho(sz‘)k(sz', xXi—1) - k(x1, x0) - Xoho(x0),

and the conditional density function of Y; given Yo = yg, ..., Yi—1 = yi—_1 is

1
(4.30) &i(silyos ..., yi-1) = Z—2h0(5i)k(5i, Yi—1) - -k(y1,y0) - ¢ (y0)ho(yo).

By definition of k(-, -) = ko(-, -) in (2.4), we have
gi(silyo, ..., yi—1) Clk(si,)’ifl)
SiGsilxo, ...y xiz1) k(si, xi—1)
pUOi-1)v PSi)e e 0 SiYi—
Cv( )V psi)e izte ™ In(2,/ 1)
PG D psieXi-te=Si In(2. /5ixi_
( (si)e™Yi-te™5ilp(2,/ 1)

_ ¢, ST
B 10(2\/51)(1 )

where C1, C; > 0 are constants not depending on s;. To prove the required stochastic domi-
nance, we show that this ratio is increasing in s;. To simplify the notation, we prove

lo(A2t)

To(A11)
to be increasing in 7 > 0 if 0 < A1 < A2, then we can apply this with = \/s;, A; = 2,/x; 1,
and A =2,/y;—1. Notice

4.31)

(4.32) F(t) =

3, 16020 I
220000 " M otun”

Since A > A1 = 0, Iy = I, and since I1/ly is nonnegative and increasing,* we get
(log F(¢))’ > 0 for t > 0. Since F > 0, we get F’ > 0 as well. This verifies all hypotheses of
Lemma 4.5 and finishes the proof. [J

(4.33) (log F(1))' =

APPENDIX A: SUPERSYMMETRIC REPRESENTATION OF RANDOM WALK

What we call the supersymmetric representation of random walk is an integral represen-
tation for certain functionals of local times of a continuous-time random walk. It is also
known as the supersymmetric version of the BFS—Dynkin isomorphism theorem [3], Corol-
lary 11.3.7. The integral involved is an integration of differential forms. Further background
of the isomorphism theorem can be found in [3], Chapter 11.

4The monotonicity of the ratio /7 /1y was proved in, for example, [13], Theorem 1, 1(b).
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A.1. Differential forms, bosons, and fermions.

A.1.1. Integration of differential forms. Let A ={1,...,|A|} be a finite set, which will
be the state space of the random walk. We consider 2-component real fields over A. For each
x € A, let (uy, vy) be real coordinates. The 1-forms {duy, dvy}rea generate the Grassmann
algebra of differential forms on R*, with multiplication given by the anti-commuting wedge
product.

We write u = (tx)xep, V = (Vx)xea. For p € Ng, a p-form is a function of (u, v) multi-
plied with a product of p differentials. A form K is a sum of p-forms with possibly different
values of p. The largest such p is called the degree of K. For a fixed p, the contribution
of p-forms to K is called the degree-p part of K. A form is called even if it is the sum of
p-forms with even p only. Due to anti-commutativity, we can always write the degree-2| A |
part of a form K as

(A.l) f(u,v)dmAdvl/\---/\du|A|/\dv|A|.
The integral of K is then defined to be the Lebesgue integral

A2 K= ,v)duydvy - -dujp dvjp).
(A.2) /RM o) fu,v)duydv ujA| dja|

Notice if the degree of K is strictly less than 2| A|, then its degree-2|A| part is zero, so its
integral is zero.
A.1.2. Bosons and fermions. Itis convenient to use complex coordinates. For x € A, we
define
Ox =uyx +ivy, Gx =ux — vy,
(A.3) -
doy =duy +1idvy, doy =duy —idvy.

We call (¢, §) = (¢x, dr)rea the boson field. We also define
1 . . 1 , _

A4 =——e g, =——¢ "¢,
( ) wx m ¢X WX \/E ¢X
and call (Y, ¥) = (Yx, ¥ )ren the fermion field. Then

i 1 - 1
(A.5) Vs Ay = —dox Ndpy = — duy A dvy.

21 T

The combination ® = (¢, q_ﬁx, v, 1/_/)5))6e A 1s called a superfield. From now on, we drop the
wedge symbol in the wedge product. One important field of forms is

(A.6) P = (3),cp = @xPx + Vi¥n)xea.

For a complex |A| x |A| matrix A, we define

(A7) (D, —AD) =) (pu(—AP)x + Y (—AY),).
xeA

A.1.3. Function of forms. For p € N, consider a C* function F : R” — R. Let K =
(Ky, ..., K)) be a collection of even forms. Assume the degree-0 part K ;.) of each K is real.

Then we define the form F(K) using the Taylor series about the degree-0 part K, as

(A8) F(K)=Z$F(“)(KO)(K—KO)“,
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where the sum is over all multi-indexes o = (@1, ..., o)), and a! = ]_[7:1 aj!, (K — K9 =
]_[j-’:1 (Kj — K?)“i (the order of the product does not matter because all K; are even). The

sum is always finite because (K; — K Q)"‘J’ =0 for all @; > 2|A| by anti-commutativity. The
key example is the following. With p =1 and x € A,

(A~9) F(qD,%) = F(¢x(ix + 1//xl/_/)c) = F(¢x¢_’x) + F’(d&@)%%-

A.2. Isomorphism theorem and supersymmetry. Let {X (¢)};>0 be a continuous-time
random walk on a finite set A with generator A. We denote its expectation by E; if X (0) =i.
The local time of X at x € A up to time T is defined by

T
(A.10) Lt x =/0 L x(5)=xds.

We write Lt = (L7 x)xea. The supersymmetric BES—Dynkin isomorphism theorem [3],
Corollary 11.3.7, relates local times of X (¢) with boson and fermion fields, as follows.

THEOREM A.l (BFS-Dynkin isomorphism theorem). Let F : RIAl — R be such that
ef Lxehx F (1) is a Schwartz function for some & > 0. Then

(A.11) /OOO Ei(F(LT)lx(r)=;)dT =

where {X (t)};>0 is a continuous-time random walk on A with generator A.

¢l¢] (@, ACD)F((DZ)

R2IA|

We will use this theorem on the finite-volume two-point function Gf\]( defined in (2.2).
Choosing the nearest-neighbor Laplacian A on the right-hand side allows us to use the trans-
fer matrix approach.

There is a symmetry between bosons and fermions called supersymmetry. The next the-
orem is a demonstration of this. Notice the form CI> = ¢y, + V.V, is unchanged if we
interchange (¢, qﬁx) with (Y, wx) so the 1ntegrands of the two sides of (A.12) are related
by an interchange of bosons and fermions. For general results and discussions on supersym-
metry, we refer to [3], Section 11.4.

THEOREM A.2. Letx € A and F : [0, 00) — R be smooth. If lim;_, o t F (t) = 0 and the
integrals exist, then

(A.12) A@z $x i F (D7) :/Rz P F (7).

PROOF. Since bosons commute and fermions anti-commute,
(A-13) ‘I;xfﬁx - &x‘px = ¢xq§x + Wx‘;x = CD)ZC,
so it is sufficient to prove [p2 @%F (d>)26) = 0. By definition of the integral and by (A.9),

@ﬁ%@@=@@&m¢ﬁMH@®+ﬁm@mﬁa
= [ 1P @60+ 0:6.F @010

—1
(A.14) = | [F@?+v°) + (@ +°)F'(u® +v°)]— dudv
R b4

—— [T1Pe?) )] ar?

©
= — tF(t ,
/o dt( ( ))
which is the desired result. [

2
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A.3. Proof of Proposition 2.1. We first prove Proposition 2.1 for v € R using the su-
persymmetric representation. We need the following lemma, which is a corollary of Proposi-
tion 2.5 and Lemma 2.6 in [4]. Since we need to deal with two superfields at the same time, we
use the notation D@ to signify that the integration is with respect to the superfield ®. We also

recall the operators 7 and Q defined in (2.5) and (2.6). Notice f(¢) = /p(t) = e 18003t
satisfies the hypotheses of the lemma, because ¢ (¢) > 0 and ¢ (0) = 0 by assumption (HO).
LEMMA A.3. Let v € R. Fix a superfield Z = (¢,¢, €, &), where & = _”’/4 dg

and & = ﬁe‘mM dc. Let f:[0,00) — [0, 00) be a smooth function such that JPf
is bounded. Then:

(1) If f(0) =1, then Tf(0) =1, and the following holds if the integrals exist

(A.15) /p(z2) /R Do [p(02) f(07) =T (22).

@1i) If f > 0 pointwise, then Qf > 0 pointwise, and the following holds if the integrals
exist

2 7 —(Z—d)? 2 2\ _ & 2

(A.16) Jr(z )fRdexpe p(02) £ () = 0f(Z2).

PROOF. (i) By definition of T in (2.5) and by the Taylor expansion of the kernel (2.7),
A17 TF(0)=,/p(0)-1 > -0ds = 1.
(A17) FO =\/p©-1+ [ ) -0ds
By [4], Proposition 2.5,
(A.18) /R X D@ [p(@2) f(9) =V ED,
where
(A.19) eV =e'(,/p(0) £(0) + v(®)),

(A.20) v(t) = /oo Jre) f(s)e™ 1 (2«/s_t)\/§ds,

We multiply equation (A.19) by «/p(¢) and use /p(0) = f(0) =1, then

(A.21) \/PTe—V(t) :\/pTe—f—k/(; f(s)\/%\/p?e_te_sllex/g)\/gds,

=Tf@®).

Substituting Z? into ¢ gives the desired (A.15).
(i) Recall Qf(r) = fooo f(s)ko(t,s)ds and ko(t,s) > O for all 7. Since f > 0 pointwise,
we get Of (¢) > 0 pointwise too. By [4], Lemma 2.6,

(A.22) /R i Ddge= 72 [p(@2) f(®2) = (1 — V/(22))e VDD,

where V is the same as in (A.19). Since V (¢) =t — log(f(0) + v(¢)), differentiating gives
1-V'(@)= %. Hence, using equation (A.19) and /p(0) =1,

(1=VD)e 0=V ) =e f Jp@) fs)e (mzf )[ )

=e—f/0 p(s) f(s)e S In(2+/st) ds,

(A.23)
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where the last equality is by Taylor series of the modified Bessel functions

mtm

0o gmpm+l1
(A.24) 10(2«/S_t)=mZ::OW’ h(2Vst >\[ ZM‘

Multiplying equation (A.23) by +/p(¢), we get
(A25) /pO(1—=V'@®)e V) = /O - F) Py p(s)e e Th(2/st)ds = Qf (1).

Substituting Z2 into ¢, then plugging into / p(Z2) - (A.22) gives the desired (A.16). O

PROOF OF PROPOSITION 2.1. Let —N <i < j < N. We first prove the statement for
v € R. Let Ay denote the generator of the random walk on [—-N, N], then

N

(A26) (D, —AND)= )Y (dx(—AND): + Y (—ANY)x) = Z (Prp1 —

x=—N
Using assumption (H3) and Theorem A.1, Gl{\]( (defined in (2.2)) can be expressed as

00 N
G{y(g’v):/(; ElN< l_[ P(LT,x)]IX(T)=/> dT

x=—N

N
(A27) = gipje P T p(@?)

2(2N+1)
R x=—N

— ¢¢J H e (Pat1— ®,)? 1_[ P q)z

R2CN+1)

We use Lemma A.3 to calculate this integral iteratively. First, we decompose p(fbg) =

Jp(@2),/p(®2) for all x. Starting from —N, if i > —N, we take one of the ,/p(<I>2_N+1)

terms, all ®2 y terms, and calculate the ®_y integral. This matches Lemma A.3(i) with
Z=® _ny1,&=D_p,and f = /p, giving

(A.28) ,/p(qﬂ_NH)/RzDcp_Ne—(cb,NH—¢,N)2\/p(q>2_N)\/p(cp3 = TL/PIP% 1)

The process continues until we reach i. If j < N, we also start from N and integrate out
Dy, ..., ;1. This gives

Gij(g:v) = fRzoﬂ-H) $id; - TV IVPI®F) - TN 1/p)(®3)

.[ije—@m—mz}/i[ 1 » q,z] ().

x=i+1

(A.29)

We then integrate from i up to j — 1 using Lemma A.3(ii). The only difference is that there
is an extra boson ¢; that gets carried along. We get

(A.30) Gl(g,v)= /Rz ¢j; - Q1 TNTLYPI®T) - TV [/P1(3).
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By Theorem A.2 and the exponential decay of ,/p,
Gli(g.v) = [ G- Q1 TV HLYBI(@3) - TV LpI(@?)

=/ QI TNHL /B +v2) - TN T [ /I + v?) = du dv
(A31) R2 T

- /0 QI TNHL /1) - TN LB (1) di
= (@' TN /1, (TN=I[/Pp])),

as desired.
For complex v, observe that both sides of (A.31) are defined and holomorphic in v € C.
We get the result by the uniqueness of analytic continuation. [l

APPENDIX B: PROOF OF LEMMA 4.1

The proof of Lemma 4.1 is via a direct computation.

PROOF. We first calculate derivatives of A(g,v) = ||Q(g, v)||, by viewing Q(g,v) as a
perturbation of Q(go, Vo). This calculation is similar to that of the Rayleigh—Schrodinger
series. Then we calculate the derivatives of the function H, defined in (4.3), just using dif-
ferentiation rules. When the derivatives are evaluated at (go, Vo), the formulas will simplify
because Q(go, vo)ho = A(go, vo)ho, and the claimed results will become apparent.

Since A(g, v) = || Q(g, v)| is an isolated simple eigenvalue (Lemma 2.3), there exists § > 0
such that g = X(go, vo) is distance 2§ away from the rest of the spectrum of Q(gop, vo). For
(g, v) near (go, vo), the projection operator to the eigenspace Ej g,1) of Q(g,v) is given by

__ b )]
(B.1) Pew=—5-f (0@ -2)de
Thus, we have Q Phg = A Phg, and
(B.2) 5 = (@ Pho, ho)
(Pho, ho)

We differentiate this equation. Note the dependence on g and v only come from Q and P.
We use subscripts to denote partial derivatives. The v-derivative of (B.2) is
(B.3) 5 — {QvPho, ho) +(QPvho. ho)  {QPho, ho){Pyho, ho)
' ' (Pho, ho) (Pho, ho)?
When evaluated at (go, vo), we know Pho = hg, Qhg = Agho, ||holl2 = 1, and Q is self-
adjoint. Hence,

(B-4) )‘vvlg(),vo = <th07 hO) + (thO» Qh0> - )\‘0<th07 hO) = (thO, hO)-

Similarly, Ag|go,vy = (Qgho, ho).
For second derivatives, we let * = g, v, differentiate (B.3), and then evaluate at (go, vp).
This gives

)\v*|g0,vo = (Qv*hOv hO) + (QVP*hOv hO) + (Q*tho, h0>

(B.5)
— (Qvho, ho)(Pyho, ho) — (Qxho, ho) (Pyho, ho).
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We claim (P, hq, ho) = 0. This is because

1 ~1 ~1
(Puho.ho) = 5§ Q=07 Qu@ =) o, holds

_ 1 1 |

(B.6) = ﬁo o100, (0~ D g
L 0w h>y§ S
= o R0 Iho—C|= —s (o — )2

Next, we calculate (Q,, P.ho, ho) in equation (B.5). Since Q is self-adjoint, by the spectral
theorem, there exists a real orthonormal eigenbasis {(u;, ¥;)}; of Q(go, vo). Using these,
we decompose

(B.7) Q.ho =Y (Qxho, Vi)V,
J
SO

1 ~1 ~1
(0 Puho, ho) = f (00(0 — )1 04(Q — )~ 'ho. ho)dt
27i [Ao—C|=5

_L?ﬁ Q=07 0cho, Quo)a
=i D ;\ako 0 —¢)7' Qsho, Qvho)dg

(B.8) 1 1 (Qxho, 1,ﬁj)(Quho %)
C 2mi fxo—;za ro—¢ XJ: —¢

B (Qsho, ¥j)(Qvho, ¥j)
Z Wj— Ao '

HjFEMo

In the last equality, the 1 ; = Ao term vanishes for the same reason as in (B.6). To write this
more compactly, we define P = I — P where I is the identity operator, then equation (B.8)
can be written as

(B.9) (Qyv Piho, ho) = {(ho — Q)" P Q.ho, P 0, ko).

We also have (Q. Pyhg, ho) equal to the same expression, by the symmetry between * and v
in equation (B.8). Putting together, equation (B.5) simplifies to

(B.10) Avslgovo =(Quiho, ho) +2((ho — Q) P Quho, PO, hy).

We next turn to the derivatives of H, (g, v) = (Q"(g, v)ho, ho)'/™. A direct computation
gives

1 _
(B.11) 3 Hy, = ;(Q"ho,ho)l/" H(@"), ko, ho),

ey = (= 1)(Q"ho, o) /"(Q") o, oll(€") o, o

n
(B.12)

I ot
+~(Q"ho. ho)""~'{(Q"),,¢ho. ho).

When evaluated at (go, vo), we have Q(go, vo)ho = Aoho with Ag = 1. This gives

1
(B.13) 3y Hy(go, vo) = ;((Q”)Vho, ho) = (Qvho, ho) =
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n\n

171 1
90y Hy (g0, vo) = —(— - 1><(Q")gho, hol{(Q"),ho. ho) + —((2"),,gho. ho)
= (1 —=n){(Qgho, ho)(Qvho, ho) + (Quvgho, ho)

2 . . .
(B.14) += > (070,077 0, 0" ko, ho)

O<i<j<n

= (1 =n){(Qgho, ho)(Qvho, ho) + (Qvgho, ho)
2 .
+- 2 (@771 0gho, Quho).

O<i<j<n

For the last sum, we decompose Qgho = PQgho + PlQ ¢ho and similarly for Q,h¢. The
parts that are in the eigenspace Eq sum to cancel with (1 —n)(Qgho, ho){Qvho, ho) exactly,
leaving

2 .
(B.15) 90y Hy(80,v0) = (Qugho. ho) + = Y (Q/""'PLQgho, P Qyhy).

O<i<j<n
Summing diagonally, as n — oo we get

(B.16) 8,9, Hy (g0, v0) = (Qugho, ko) +2((1 — Q)" PLQho, P Quho) = Agleg.vos

by the first computation (B.10). The calculation for A, |g,,v, is analogous. L]
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