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1 Complex numbers and Euler’s Formula

1.1 Definitions and basic concepts

The imaginary number i:
i ≡
√
−1 ⇐⇒ i2 = −1. (1)

Every imaginary number is expressed as a real-valued multiple of i:

√
−9 =

√
9
√
−1 =

√
9i = 3i.

A complex number:

z = a+ bi, (2)

where a, b are real, is the sum of a real and an imaginary number.

The real part of z=a+bi: Re{z} = a is a real number.

The imaginary part of z=a+bi: Im{z} = b is a also a real number.
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A complex number z=a+bi represents a point (a, b) in a 2D space, called the complex plane.

−b
z=a−bi

Im{z}

Re{z}

z=a+bi
b

a

Figure 1: A complex number z and its conjugate z̄ in complex space. Horizontal axis contains all real numbers,
vertical axis contains all imaginary numbers.

The complex conjugate of z=a+bi:

z̄ = a− bi,

which is obtained by reversing the sign of Im{z}.

Notice that:

Re{z} =
z + z̄

2
= a, Im{z} =

z − z̄
2i

= b.

Therefore, both Re{z} and Im{z} are linear combinations of z and z̄.
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1.2 Basic complex computations

Addition/subtraction: If z1 = a1 + b1i, z2 = a2 + b2i (a1, a2, b1, b2 are real), then

z1 ± z2 = (a1 + b1i)± (a2 + b2i) = (a1 ± a2) + (b1 ± b2)i.

Or, real parts plus/minus real parts, imaginary parts plus/minus imaginary parts.

Multiplication by a real scalar α:

αz1 = αa1 + αb1i.

Multiplication between complex numbers:

z1z2 = (a1 + b1i)(a2 + b2i) = a1a2 + a1b2i+ a2b1i+ b1b2i
2 = (a1a2 − b1b2) + (a1b2 + a2b1)i.

All rules are identical to those for multiplication between real numbers, just remember that i2 = −1.

Length/magnitude of a complex number z = a+ bi

|z| =
√
zz̄ =

√
(a+ bi)(a− bi) =

√
a2 + b2,

which is identical to the length of a 2D vector (a, b).
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Division between complex numbers:

z1

z2
=
z1z̄2

z2z̄2
=

(a1 + b1i)(a2 − b2i)
|z2|2

=
(a1a2 + b1b2) + (a2b1 − a1b2)i

a2
2 + b22

.

Example 3.3.2.1: Given that z1 = 3 + 4i, z2 = 1− 2i, calculate

1. z1 − z2;

2. z1
2 ;

3. |z1|;

4. z2
z1

.

Answer:

1. z1 − z2 = (3− 1) + (4− (−2))i = 2 + 6i;

2. z1
2 = 3

2 + 4
2 i = 1.5 + 2i;

3. |z1| =
√
z1z̄1 =

√
32 + 42 =

√
25 = 5;

4. z2
z1

= z2z̄1
z1z̄1

= (1−2i)(3−4i)
52 = −5−10i

25 = − 1
5 −

2
5 i.
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1.3 Complex-valued exponential and Euler’s formula

Euler’s formula:
eit = cos t+ i sin t. (3)

Based on this formula and that e−it = cos(−t) + i sin(−t) = cos t− i sin t:

cos t =
eit + e−it

2
, sin t =

eit − e−it

2i
. (4)

Why? Here is a way to gain insight into this formula.

Recall the Taylor series of et:

et =

∞∑
n=0

tn

n!
.

We assume that this series holds when the exponent is complex-valued.

eit =

∞∑
n=0

(it)n

n!
=

∞∑
n even

(it)n

n!
+

∞∑
n odd

(it)n

n!
=

∞∑
m=0

(it)2m

(2m)!
+

∞∑
m=0

(it)2m+1

(2m+ 1)!

=

∞∑
m=0

i2mt2m

(2m)!
+

∞∑
m=0

i2m+1t2m+1

(2m+ 1)!
=

∞∑
m=0

(i2)mt2m

(2m)!
+

∞∑
m=0

i(i2)mt2m+1

(2m+ 1)!

=

∞∑
m=0

(−1)mt2m

(2m)!
+ i

∞∑
m=0

(−1)mt2m+1

(2m+ 1)!
= cos t+ i sin t.
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1.4 Polar representation of complex numbers

For any complex number z = x+ iy (6= 0), its length and angle w.r.t. the horizontal axis are both uniquely defined.

ρ=  
x   +

 y  

θiρ=   ez=x+yi

Im{z}

Re{z}

y

x
θ

2

2

Figure 2: A complex number z = x + iy can be expressed in the polar form z = ρeiθ, where ρ =
√
x2 + y2 is its

length and θ the angle between the vector and the horizontal axis. The fact x = ρ cos θ, y = ρ sin θ are consistent
with Euler’s formula eiθ = cos θ + i sin θ.

One can convert a complex number from one form to the other by using the Euler’s formula:

z = x+ iy ⇔ z = ρeiθ, where

x = ρ cos θ, y = ρ sin θ; ρ =
√
x2 + y2, θ = tan−1 y

x
;

where we often restrict 0 ≤ θ ≤ 2π or −π ≤ θ ≤ π. Otherwise, the conversion from Cartesian to polar coordinates is
not unique, θ can differ by an integer multiple of 2π.
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Example 3.3.3.1: Convert the following complex numbers from one form to the other.

1. z = 3i;

2. z = 1;

3. z = 1 + i
√

3;

4. z = −2− 2i;

5. z = e−i
π
6 ;

6. z = 5ei
π
4 ;

7. z = −5e−i
π
3 .

Answer:

1. z = 3i = 3ei
π
2 ;

2. z = 1 = ei0 = 1, (for a positive real number, there is no change!);

3. z = 1 + i
√

3 =
√

12 + (
√

3)2ei tan−1
√

3
1 = 2ei

π
3 ;

4. z = −2− 2i =
√

(−2)2 + (−2)2ei tan−1(−2
−2 ) = 2

√
2ei

5π
4 = 2

√
2e−i

3π
4 ;

5. z = e−i
π
6 = cos(−π6 ) + i sin(−π6 ) =

√
3

2 − i
1
2 ;

6. z = 6ei
π
4 = 6 cos π4 + i6 sin π

4 = 3
√

2 + 3
√

2i = 3
√

2(1 + i);

7. z = −4e−i
π
3 = (−4)

[
cos(−π3 ) + i sin(−π3 )

]
= (−4)

[
1
2 − i

√
2

2

]
= −2 + 2

√
2i.

Remark: It is important to know that the collection of all complex numbers of the form z = eiθ form a circle of
radius one (unit circle) in the complex plane centered at the origin. In other words, the equation for a unit circle
centered at the origin in complex plane is z = eiθ (see figure).

ρ = 1
iz = e

θ

Re{z}

θ

Im{z}

Figure 3: The collection of all complex numbers of the form z = eiθ form a unit circle centered at the origin in the
complex plane.
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Example 3.3.3.2: Find all roots of 3
√

1, complex and real.

Answer:

1 = e0 = ei(0) = e(2πn)i, for any integer n.

Therefore,

3
√

1 = 1
1
3 =

(
e(2πn)i

) 1
3

= e
2πn
3 i, for any integer n.

Often, the angle θ for a complex number expressed in form of eθi is restricted in the range 0 ≤ θ < 2π.

If so, 3
√

1 has only three roots in this range:
3
√

1 = 1, e
2π
3 i, e

4π
3 i.

Im{z}

3  1  = 1

3  1  = e
2π
3 i

3  1  = e3 i4π

Re{z}

Figure 4: The cubic roots of number 1 in complex plane.
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Polynomials of degree n must have n roots!

Example 3.3.3.3: Find all roots of z2 + 2z + 10 = 0.

Answer: Notice that

z2 + 2z + 10 = z2 + 2z + 1 + 9 = (z + 1)2 + 9 = 0.

There is no real root! But there are two complex-valued roots forming a pair of complex conjugates.

(z + 1)2 + 9 = 0 ⇒ (z + 1)2 = −9 ⇒ z + 1 = ±
√
−9 ⇒ z = −1± 3i.

Complex roots of a polynomial always occur as a pair of complex conjugates!
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